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ɺɺɽɼɽʅʀɽ 

ɺ ʫʯʝʙʥʦʤ ʧʦʩʦʙʠʠ ʧʨʠʚʝʜʝʥ rʦʩʥʦʚʥʳʝ ʤʝʪʦʜʳ ʧʦʣʫʯʝʥʠʷ ʬʘʟʦ-

ʚʦʡ ʠʥʬʦʨʤʘʮʠʠ ʚ ʦʧʪʠʯʝʩʢʦʤ ʜʠʘʧʘʟʦʥʝ ʠ ʩʧʦʩʦʙʳ ʨʘʩʰʠʨʝʥʠʷ ʦʙʣʘ-

ʩʪʠ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ. ʆʩʥʦʚʥʦʝ ʚʥʠʤʘʥʠʝ ʫʜʝʣʝʥʦ ʤʝʪʦʜʘʤ 

ʧʦʰʘʛʦʚʦʛʦ ʬʘʟʦʚʦʛʦ ʩʜʚʠʛʘ. ʇʦʢʘʟʘʥʦ ʧʨʠʤʝʥʝʥʠʝ ʤʝʪʦʜʦʚ ʜʣʷ ʧʦ-

ʩʪʨʦʝʥʠʷ 3D ʩʢʘʥʝʨʦʚ. 

ʌʘʟʦʚʳʝ ʤʝʪʦʜʳ ʦʙʣʘʜʘʶʪ ʢʘʢ ʨʷʜʦʤ ʧʨʝʠʤʫʱʝʩʪʚ ʧʝʨʝʜ ʪʨʘʜʠʮʠ-

ʦʥʥʳʤʠ (ʧʦʩʪʨʦʝʥʥʳʤʠ ʥʘ ʪʨʠʘʥʛʫʣʷʮʠʦʥʥʳʭ ʧʨʠʥʮʠʧʘʭ): ʙʦʣʝʝ ʚʳ-

ʩʦʢʠʤʠ ʪʦʯʥʦʩʪʥʳʤʠ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ, ʚʦʟʤʦʞʥʦʩʪʴʶ ʧʦʣʥʦʩʪʴʶ 

ʘʚʪʦʤʘʪʠʟʠʨʦʚʘʪʴ ʧʨʦʮʝʩʩ ʧʦʣʫʯʝʥʠʷ ʧʨʦʬʠʣʷ, ʪʘʢ ʠ ʨʷʜʦʤ ʥʝʜʦʩʪʘʪ-

ʢʦʚ ʦʜʥʠʤ ʠʟ ʢʦʪʦʨʳʭ ʷʚʣʷʝʪʩʷ ʬʘʟʦʚʘʷ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʴ, ʢʦʪʦʨʘʷ ʚʦʟ-

ʥʠʢʘʝʪ ʠʟ-ʟʘ ʧʝʨʠʦʜʠʯʥʦʩʪʠ ʧʨʦʝʮʠʨʫʝʤʦʡ ʩʪʨʫʢʪʫʨʳ.  

ʌʘʟʦʚʳʝ ʤʝʪʦʜʳ ʦʯʝʥʴ ʧʦʭʦʞʠ ʥʘ ʤʝʪʦʜʳ ʧʨʦʝʢʮʠʡ ʩʪʨʫʢʪʫʨʠʨʦ-

ʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ. ɺʦ ʤʥʦʛʠʭ ʠʩʪʦʯʥʠʢʘʭ ʦʥʠ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʢʘʢ 

ʦʧʨʝʜʝʣʝʥʥʳʡ ʪʠʧ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ [1]. ʆʜʥʘʢʦ, ʚ ʦʪʣʠ-

ʯʠʝ ʦʪ ʤʝʪʦʜʦʚ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ, ʬʘʟʦʚʳʝ ʤʝʪʦʜʳ ʦʧʨʝ-

ʜʝʣʷʶʪ ʧʦʣʥʳʡ ʧʨʦʬʠʣʴ ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ʦʙʲʝʢʪʘ.  

ʄʝʪʦʜʳ ʦʧʨʝʜʝʣʝʥʠʷ ʚʦʣʥʦʚʳʭ ʬʨʦʥʪʦʚ, ʨʘʟʨʘʙʦʪʘʥʥʳʝ ʜʣʷ ʠʥ-

ʪʝʨʬʝʨʝʥʮʠʦʥʥʳʭ ʠ ʛʦʣʦʛʨʘʬʠʯʝʩʢʠʭ ʩʠʩʪʝʤ [2], ʧʦʜʭʦʜʷʪ ʠ ʜʣʷ 3D 

ʩʢʘʥʝʨʦʚ ʩ ʦʩʚʝʱʝʥʠʝʤ ʦʙʲʝʢʪʘ ʢʘʨʪʠʥʦʡ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʧʦʣʦʩ. ʀʥ-

ʪʝʨʬʝʨʝʥʮʠʦʥʥʳʝ ʢʘʨʪʠʥʳ, ʚʦʟʥʠʢʘʶʱʠʝ ʧʨʠ ʢʦʛʝʨʝʥʪʥʦʤ ʦʩʚʝʱʝʥʠʠ, 

ʧʨʝʜʥʘʟʥʘʯʝʥʳ ʜʣʷ ʠʟʤʝʨʝʥʠʷ ʨʝʣʴʝʬʘ ʚ ʥʘʥʦ ʜʠʘʧʘʟʦʥʝ (ʦʪ ʜʦʣʝʡ 

ʥʘʥʦʤʝʪʨʦʚ ʜʦ ʜʝʩʷʪʢʦʚ ʤʠʢʨʦʤʝʪʨʦʚ). ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʩʠʥʫʩʦʠ-

ʜʘʣʴʥʦʛʦ ʦʩʚʝʱʝʥʠʷ ʪʦʯʥʦʩʪʴ ʤʝʥʴʰʝ (ʧʦʛʨʝʰʥʦʩʪʴ ʩʚʷʟʘʥʘ ʩ ʰʠʨʠ-

ʥʦʡ ʧʦʣʦʩʳ), ʘ ʤʘʢʩʠʤʘʣʴʥʘ ̫ʚʝʣʠʯʠʥʘ, ʠʟʤʝʨʷʝʤʦʛʦ ʨʝʣʴʝʬʘ ʙʦʣʴʰʝ 

(ʦʪ ʜʦʣʝʡ ʤʤ ʜʦ ʥʝʩʢʦʣʴʢʠʭ ʤʝʪʨʦʚ). 

ɺ ʨʝʟʫʣʴʪʘʪʝ ʠʥʪʝʨʬʝʨʝʥʮʠʠ ʜʚʫʭ ʧʫʯʢʦʚ ʢʘʨʪʠʥʘ ʠʥʪʝʥʩʠʚʥʦʩʪʠ 

ʙʫʜʝʪ ʦʧʨʝʜʝʣʷʪʴʩʷ ʩʣʝʜʫʶʱʠʤ ʚʳʨʘʞʝʥʠʝʤ: 

 

0( , ) ( , )(1 ( , )cos( ( , ) ( , ))p rI x y I x y V x y x y x yj j= + -
,   (1.1) 

 

ʛʜʝ 
0( , )I x y ï ʩʨʝʜʥʷʷ ʠʥʪʝʥʩʠʚʥʦʩʪʠ, ( , )V x y ï ʩʨʝʜʥʷʷ ʚʠʜʥʦʩʪʴ ʠʣʠ 

ʢʦʥʪʨʘʩʪ, 
( , ) ( , )p rx y x ydj j j= -

 - ʨʘʟʥʦʩʪʴ ʬʘʟ ʤʝʞʜʫ ʠʩʩʣʝʜʫʝʤʳʤ ʠ 

ʦʧʦʨʥʳʤ ʚʦʣʥʦʚʳʤʠ ʬʨʦʥʪʘʤʠ.  



4 

 

ʆʩʥʦʚʥʘʷ ʟʘʜʘʯʘ ʨʘʩʰʠʬʨʦʚʢʠ ï ʦʧʨʝʜʝʣʝʥʠʝ ʨʘʟʥʦʩʪʠ ʬʘʟ ʧʦ 

ʢʘʨʪʠʥʘ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʳʭ ʧʦʣʦʩ. ʀʟʤʝʥʝʥʠʝ ʧʨʦʬʠʣʷ ʟʘʚʠʩʠʪ ʬʘʟʦ-

ʚʦʡ ʨʘʟʥʦʩʪʠ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʭʝʤʦʡ ʦʧʪʠʯʝʩʢʦʡ ʫʩʪʘʥʦʚʢʠ. 

ʅʘ ʨʠʩ. 1.1 ʧʦʢʘʟʘʥʘ ʩʭʝʤʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ ʊʚʘʡʤʘʥʘ-ɻʨʠʥʘ ʜʣʷ 

ʢʦʥʪʨʦʣʷ ʨʝʣʴʝʬʘ ʦʧʪʠʯʝʩʢʠʭ ʧʦʚʝʨʭʥʦʩʪʝʡ. ʇʫʯʦʢ ʩʚʝʪʘ ʦʪ ʢʦʛʝʨʝʥʪ-

ʥʦʛʦ ʠʩʪʦʯʥʠʢʘ ʠʟʣʫʯʝʥʠʷ, ʧʦʧʘʜʘʷ ʥʘ ʜʝʣʠʪʝʣʴʥʳʡ ʢʫʙ, ʨʘʟʜʝʣʷʝʪʩʷ 

ʥʘ ʦʧʦʨʥʳʡ ʠ ʦʙʲʝʢʪʥʳʡ ʧʫʯʢʠ. ɺ ʦʜʥʦʤ ʧʣʝʯʝ  ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ ʥʘʭʦ-

ʜʠʪʩʷ ʟʝʨʢʘʣʦ ʜʣʷ ʬʦʨʤʠʨʦʚʘʥʠʷ ʦʧʦʨʥʦʛʦ ʧʫʯʢʘ. ʂʦʥʬʠʛʫʨʘʮʠʷ ʦʙʲ-

ʝʢʪʥʦʛʦ ʧʫʯʢʘ ʟʘʚʠʩʠʪ ʦʪ ʟʘʜʘʯʠ ʠʟʤʝʨʝʥʠʷ ʠ ʦʪ ʬʦʨʤʳ ʧʦʚʝʨʭʥʦʩʪʠ 

ʪʝʩʪʠʨʫʝʤʦʛʦ ʦʙʲʝʢʪʘ. ɺ ʜʨʫʛʦʤ ʧʣʝʯʝ ʨʘʩʧʦʣʘʛʘʝʪʩʷ ʠʩʩʣʝʜʫʝʤʳʡ 

ʦʙʲʝʢʪ. ɺ ʚʳʭʦʜʥʦʡ ʧʣʦʩʢʦʩʪʠ ʧʦʤʝʱʝʥ ʤʘʩʩʠʚ ʬʦʪʦʜʝʪʝʢʪʦʨʦʚ ʜʣʷ 

ʨʝʛʠʩʪʨʘʮʠʠ ʠʥʪʝʥʩʠʚʥʦʩʪʠ. 

 

 
 

ʈʠʩ.1.1. ʉʭʝʤʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ ʊʚʘʡʤʘʥʘ-ɻʨʠʥʘ. 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠ ʩʣʦʞʝʥʠʠ ʜʚʫʭ ʩʚʝʪʦʚʳʭ ʚʦʣʥ, ʦʙʨʘʟʫʶʱʠʭ 

ʤʝʞʜʫ ʩʦʙʦʡ ʫʛʦʣ q, ʚʦʟʥʠʢʘʶʪ ʩʚʝʪʣʳʝ ʠ ʪʝʤʥʳʝ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥ-

ʥʳʝ ʧʦʣʦʩʳ. ʉʚʝʪʣʳʝ ʪʘʤ, ʛʜʝ cos( )dj ʚ (1.1) ʜʦʩʪʠʛʘʝʪ ʤʘʢʩʠʤʫʤʘ, 

ʪʝʤʥʳʝ ʚ ʪʦʯʢʘʭ, ʛʜʝ cos( )dj ʜʦʩʪʠʛʘʝʪ ʤʠʥʠʤʫʤʘ (ʈʠʩ.1.2). 

ɻʝʦʤʝʪʨʠʯʝʩʢʦʝ ʤʝʩʪʦ ʪʦʯʝʢ ʧʦʣʷ, ʣʝʞʘʱʠʭ ʥʘ ʦʜʥʦʡ ʣʠʥʠʠ, ʚ ʢʦ-

ʪʦʨʳʭ ʨʘʟʥʦʩʪʴ ʬʘʟ ʦʜʠʥʘʢʦʚʘ, ʥʘʟʳʚʘʶʪ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʦʡ ʧʦʣʦʩʦʡ, 
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ʘ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʩʝʨʝʜʠʥʘʤʠ ʜʚʫʭ ʩʦʩʝʜʥʠʭ ʧʦʣʦʩ ï ʰʠʨʠʥʦʡ ʧʦʣʦ-

ʩʳ. 

 
ʈʠʩ.1.2. ɺʠʜʳ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʳʭ ʢʘʨʪʠʥ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʠʩʢʘʞʝʥʠʷ ʠʩʩʣʝ-

ʜʫʝʤʦʡ ʧʦʚʝʨʭʥʦʩʪʠ. 

 

ʇʝʨʝʭʦʜʫ ʦʪ ʦʜʥʦʡ ʧʦʣʦʩʳ ʢ ʩʦʩʝʜʥʝʡ ʧʦʣʦʩʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʠʟʤʝ-

ʥʝʥʠʝ ʨʘʟʥʦʩʪʠ ʬʘʟ dj, ʥʘ ʚʝʣʠʯʠʥʫ 2p. ɽʩʣʠ ʠʟʚʝʩʪʝʥ ʚʠʜ ʦʧʦʨʥʦʛʦ 

ʧʫʯʢʘ, ʪʦ ʧʦ dj ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʧʨʦʬʠʣʴ ʠʩʩʣʝʜʫʝʤʦʛʦ ʦʙʲʝʢʪʘ

( , )p x yj  ʩ ʧʦʤʦʱʴʶ ʩʣʝʜʫʶʱʝʛʦ ʚʳʨʘʞʝʥʠʷ: 

( , ) sin
( , )

2

p x y
x y

l j q

p

Ö Ö
D =

   ,       (1.2) 

ʛʜʝ l - ʜʣʠʥʘ ʚʦʣʥʳ, q - ʫʛʦʣ ʤʝʞʜʫ ʠʥʪʝʨʬʝʨʠʨʫʶʱʠʤʠ ʧʦʣʦʩʘʤʠ. 

ʇʦʩʢʦʣʴʢʫ cos( )dj - ʧʝʨʠʦʜʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ, ʪʦ ʠʟ (1.1) ʤʦʞʥʦ ʦʜʥʦ-

ʟʥʘʯʥʦ ʦʧʨʝʜʝʣʠʪ ɹʨʝʣʴʝʬ ʠʩʩʣʝʜʫʝʤʦʛʦ ʚʦʣʥʦʚʦʛʦ ʬʨʦʥʪʘ ʪʦʣʴʢʦ ʚ 

ʧʨʝʜʝʣʘʭ ʧʝʨʠʦʜʘ. 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʨʝʣʴʝʬʘ ʥʝʦʙʭʦʜʠʤʦ ʦʧʨʝʜʝʣʠʪʴ ʨʘʟʥʦʩʪʴ ʬʘʟ ʧʦ 

ʢʘʨʪʠʥʝ ʠʥʪʝʥʩʠʚʥʦʩʪʠ ( , )I x y  (1.1). ɼʣʷ ʵʪʦʛʦ ʩʫʱʝʩʪʚʫʝʪ ʪʨʠ ʩʧʦʩʦ-

ʙʘ: 

1. ʇʨʦʩʣʝʞʠʚʘʥʠʝ ʮʝʥʪʨʦʚ ʧʦʣʦʩ. ʆʧʨʝʜʝʣʷʶʪʩʷ ʮʝʥʪʨʳ ʪʝʤʥʳʭ 

ʠ ʩʚʝʪʣʳʭ ʧʦʣʦʩ, ʚ ʢʦʪʦʨʳʭ ʤʳ ʟʥʘʝʤ ʚʝʣʠʯʠʥʫ cos( )dj ʚ (1.1). 

ʈʘʩʩʪʦʷʥʠʷ ʚ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʪʦʯʢʘʭ ʦʧʨʝʜʝʣʷʶʪʩʷ ʩ ʧʦʤʦʱʴʶ 

ʨʘʟʣʠʯʥʳʭ ʚʠʜʦʚ ʠʥʪʝʨʧʦʣʷʮʠʠ. 

2. ɸʥʘʣʠʟ ʩʧʝʢʪʨʘʣʴʥʳʭ ʩʦʩʪʘʚʣʷʶʱʠʭ. ʄʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ 

ʠʩʩʣʝʜʦʚʘʥʠʠ ʩʧʝʢʪʨʘʣʴʥʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥ-

ʥʦʡ ʢʘʨʪʠʥʳ. 
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3. ʄʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʧʦʰʘʛʦʚʦʤ ʬʘʟʦʚʦʤ ʩʜʚʠʛʝ. ʕʪʠ ʤʝʪʦ-

ʜʳ ʦʩʥʦʚʘʥʳ ʥʘ ʧʨʷʤʦʤ ʨʝʰʝʥʠʠ ʫʨʘʚʥʝʥʠʷ (1.1). ʇʦʩʢʦʣʴʢʫ 

ʯʠʩʣʦ ʥʝʠʟʚʝʩʪʥʳʭ ʙʦʣʴʰʝ, ʥʝʦʙʭʦʜʠʤʦ ʢʘʢʠʤ-ʣʠʙʦ ʦʙʨʘʟʦʤ 

ʧʦʣʫʯʠʪʴ ʜʦʙʘʚʦʯʥʳʝ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʝ ʫʨʘʚʥʝʥʠʷ.  

 

3D ʩʢʘʥʝʨʳ, ʨʘʙʦʪʘʶʱʠʝ ʧʦ ʵʪʦʡ ʪʝʭʥʦʣʦʛʠʠ, ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ 

ʩʠʩʪʝʤʫ ʧʨʦʝʢʮʠʡ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʢʘʨʪʠʥ ʥʘ ʦʙʲʝʢʪ. ɿʘʪʝʤ ʬʠʢʩʠʨʫ-

ʝʪʩʷ ʢʘʨʪʠʥʘ ʵʪʠʭ ʧʦʣʦʩ ʠʩʢʘʞʝʥʥʳʭ ʧʨʠ ʦʪʨʘʞʝʥʠʠ ʦʪ ʧʦʚʝʨʭʥʦʩʪʠ 

(ʨʠʩ. 1.3). ʇʦ ʵʪʠʤ ʢʘʨʪʠʥʘʤ ʚʦʩʩʪʘʥʘʚʣʠʚʘʝʪʩʷ ʧʦʣʝ ʬʘʟ. 

 

ʈʠʩ. 1.3. ʆʙʱʠʡ ʚʠʜ ʩʠʩʪʝʤʳ ʧʨʦʝʢʮʠʠ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʧʦʣʦʩ 

 

ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʬʘʟʦʚʳʭ ʤʝʪʦʜʦʚ ʧʨʠʚʦʜʠʪ ʢ ʬʘʟʦʚʦʡ ʠʣʠ 2p- 
ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ. ʇʦʩʢʦʣʴʢʫ ʬʘʟʦʚʫʶ ʠʥʬʦʨʤʘʮʠʶ ʤʳ ʤʦʞʝʤ ʚʳʜʝ-

ʣʠʪʴ ʪʦʣʴʢʦ ʚ ʧʨʝʜʝʣʘʭ ʦʜʥʦʡ ʧʦʣʦʩʳ.  

ʋʩʪʨʘʥʝʥʠʝ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʪʜʝʣʴ-

ʥʫʶ ʧʨʦʙʣʝʤʫ, ʢʦʪʦʨʘʷ ʙʫʜʝʪ ʨʘʩʩʤʦʪʨʝʥʘ ʚ ʵʪʦʤ ʧʦʩʦʙʠʠ ʥʠʞʝ. 

 

1. ʇʈʆʉʃɽɾʀɺɸʅʀɽ ʎɽʅʊʈʆɺ ʇʆʃʆʉ 

ʉʧʦʩʦʙ ʥʘ ʦʩʥʦʚʝ ʧʨʦʩʣʝʞʠʚʘʥʠʝ ʮʝʥʪʨʦʚ ʧʦʣʦʩ ʧʦʭʦʞ ʥʘ ʦʙʳʯ-

ʥʳʝ ʤʝʪʦʜʳ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ. ʅʘ ʦʙʲʝʢʪ ʧʨʦʝʮʠʨʫʶʪʩʷ 

ʢʘʨʪʠʥʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʧʦʣʦʩ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʥʝʨʦʚʥʦ-
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ʩʪʠ ʧʨʦʬʠʣʷ ʵʪʘ ʢʘʨʪʠʥʘ ʠʩʢʘʞʘʝʪʩʷ. ʇʦ ʚʝʣʠʯʠʥʝ ʵʪʠʭ ʠʩʢʘʞʝʥʠʡ 

ʤʦʞʥʦ ʩʫʜʠʪʴ ʦ ʧʨʦʬʠʣʝ ʦʙʲʝʢʪʘ.  

ʆʩʥʦʚʥʘʷ ʩʣʦʞʥʦʩʪʴ  ʵʪʦʛʦ ʤʝʪʦʜʘ ʚ ʧʨʦʩʣʝʞʠʚʘʥʠʠ ʮʝʥʪʨʦʚ ʧʦ-

ʣʦʩ. 

 
 

 

ʘ ʙ ʚ 
ʈʠʩ. 2.1. ɺʳʜʝʣʝʥʠʝ ʮʝʥʪʨʦʚ ʧʦʣʦʩ (ʘ ï ʩʧʨʦʝʮʠʨʦʚʘʥʥʳʝ ʧʦʣʦʩʳ, ʙ ï 

ʚʳʜʝʣʝʥʥʳʝ ʧʦʣʦʩʳ, ʚ ï ʥʫʤʝʨʘʮʠʷ ʧʦʣʦʩ). 

 

ʅʘ ʨʠʩ.2.1 ʧʦʢʘʟʘʥʳ ʧʦʣʦʩʳ ʩ ʭʦʨʦʰʠʤ ʢʦʥʪʨʘʩʪʦʤ, ʢʦʪʦʨʳʝ ʤʦ-

ʛʫʪ ʙʳʪʴ ʚʳʜʝʣʝʥʳ ʘʚʪʦʤʘʪʠʯʝʩʢʠ. ʏʝʣʦʚʝʯʝʩʢʠʡ ʛʣʘʟ ʜʦʩʪʘʪʦʯʥʦ ʭʦ-

ʨʦʰʦ ʧʨʦʩʣʝʞʠʚʘʝʪ ʧʦʣʦʩʳ, ʦʜʥʘʢʦ, ʜʣʷ ʢʦʤʧʴʶʪʝʨʥʦʡ ʦʙʨʘʙʦʪʢʠ ʵʪʦ 

ʥʘʠʙʦʣʝʝ ʩʣʦʞʥʘʷ ʠ ʪʨʫʜʦʝʤʢʘʷ ʟʘʜʘʯʘ ʦʙʨʘʙʦʪʢʠ ʠʟʦʙʨʘʞʝʥʠʡ. ʏʘʩʪʦ 

ʢʘʯʝʩʪʚʦ ʧʦʚʝʨʭʥʦʩʪʠ ʥʝ ʧʦʟʚʦʣʷʝʪ ʵʪʦ ʩʜʝʣʘʪʴ, ʪʦʛʜʘ ʧʨʠʤʝʥʷʝʪʩʷ 

ʧʨʝʜʚʘʨʠʪʝʣʴʥʘʷ ʥʠʟʢʦʯʘʩʪʦʪʥʘʷ ʬʠʣʴʪʨʘʮʠʷ. ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʨʘʟ-

ʨʘʙʦʪʘʥʳ ʘʣʛʦʨʠʪʤʳ, ʢʦʪʦʨʳʝ ʜʦʩʪʘʪʦʯʥʦ ʭʦʨʦʰʦ ʚʳʜʝʣʷʶʪ ʮʝʥʪʨʳ 

ʧʦʣʦʩ ʜʣʷ ʨʘʟʣʠʯʥʳʭ ʢʣʘʩʩʦʚ ʠʟʦʙʨʘʞʝʥʠʡ, ʥʦ ʧʦʣʥʦʩʪʴʶ ʫʥʠʚʝʨʩʘʣʴ-

ʥʦʛʦ ʘʣʛʦʨʠʪʤʘ ʥʝ ʩʫʱʝʩʪʚʫʝʪ. ʇʦʵʪʦʤʫ, ʝʩʣʠ ʧʦʣʦʩʳ ʧʣʦʭʦ ʚʠʜʥʳ ʠʣʠ 

ʠʤʝʶʪ ʨʘʟʨʳʚʳ, ʧʨʠʤʝʥʷʶʪʩʷ ʠʥʪʝʨʘʢʪʠʚʥʳʝ ʨʝʜʘʢʪʦʨʳ ʜʣʷ ʧʨʦʨʠ-

ʩʦʚʢʠ ʥʝʜʦʩʪʘʶʱʝʡ ʯʘʩʪʠ ʧʦʣʦʩ. 

ʇʦʩʣʝ ʚʳʜʝʣʝʥʠʷ ʮʝʥʪʨʦʚ ʥʘʤ ʥʝʦʙʭʦʜʠʤʦ ʦʧʨʝʜʝʣʠʪʴ ʧʦʨʷʜʦʢ 

ʧʦʣʦʩʳ. ʇʦʣʦʩʳ ʥʫʤʝʨʫʶʪʩʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʧʨʦʬʠʣʷ ʧʦʚʝʨʭʥʦʩʪʠ. 

ʇʦʣʥʦʩʪʴʶ ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʫʜʘʝʪʩʷ ʦʧʨʝʜʝʣʠʪʴ ʥʦʤʝʨ ʧʦʣʦʩʳ ʪʦʣʴʢʦ ʚ 

ʩʣʫʯʘʝ ʤʦʥʦʪʦʥʥʳʭ ʧʦʣʦʩ. ʂʨʦʤʝ ʪʦʛʦ, ʥʝʚʦʟʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʚʦʛʥʫ-

ʪʘʷ ʠʣʠ ʚʳʧʫʢʣʘʷ ʧʦʚʝʨʭʥʦʩʪʴ, ʠ ʜʣʷ ʪʦʛʦ ʠ ʜʣʷ ʜʨʫʛʦʛʦ ʩʣʫʯʘʷ ʢʘʨʪʠ-

ʥʳ ʧʦʣʦʩ ʙʫʜʝʪ ʠʤʝʪʴ ʦʜʠʥʘʢʦʚʳʡ ʚʠʜ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʙʝʟ ʫʯʘʩʪʠʷ ʦʧʝ-

ʨʘʪʦʨʘ ʥʝʚʦʟʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʟʥʘʢ ʧʨʠʨʘʱʝʥʠʷ ʬʘʟʳ.  

ɽʩʣʠ ʫ ʥʘʩ ʝʩʪʴ ʘʧʨʠʦʨʥʘʷ ʠʥʬʦʨʤʘʮʠʷ ʦ ʧʦʨʷʜʢʝ ʧʦʣʦʩʳ, ʥʫʤʝ-

ʨʘʮʠʷ ʧʨʦʠʟʚʦʜʠʪʩʷ ʠʥʪʝʨʘʢʪʠʚʥʦ. ʅʘ ʨʠʩ. 2.1 ʚ ʧʦʢʘʟʘʥʳ ʧʨʦʥʫʤʝʨʦ-
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ʚʘʥʥʳʝ ʧʦʣʦʩʳ (ʮʚʝʪʘ ʩʦʦʪʚʝʪʩʪʚʫʶʪ 0, 1, 2 ʠ ʪ.ʜ.). ʉʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, 

ʯʪʦ ʝʜʠʥʠʯʥʘʷ ʦʰʠʙʢʘ ʧʨʠ ʥʫʤʝʨʘʮʠʠ ʧʦʣʦʩʳ ʧʨʠʚʝʜʝʪ ʢ ʟʥʘʯʠʪʝʣʴ-

ʥʳʤ ʦʰʠʙʢʘʤ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʧʨʦʬʠʣʷ.  

ʈʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʧʦʣʦʩʘʤʠ ʩʦʦʪʚʝʪʩʪʚʫʝʪ 2p, ʝʩʣʠ ʚʳʜʝʣʷʶʪʩʷ 
ʪʦʣʴʢʦ ʪʝʤʥʳʝ ʠʣʠ ʪʦʣʴʢʦ ʩʚʝʪʣʳʝ ʧʦʣʦʩʳ ʠ p, ʝʩʣʠ ʘʥʘʣʠʟʠʨʫʶʪʩʷ ʠ 
ʩʚʝʪʣʳʝ ʠ ʪʝʤʥʳʝ ʧʦʣʦʩʳ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʳ ʤʦʞʝʤ ʚʦʩʩʪʘʥʦʚʠʪʴ 

ʩʪʫʧʝʥʯʘʪʳʡ ʧʨʦʬʠʣʴ, ʢʦʪʦʨʳʡ ʙʫʜʝʪ ʤʝʥʷʪʴʩʷ ʩ ʰʘʛʦʤ p. ʀʥʬʦʨʤʘ-

ʮʠʶ ʤʝʞʜʫ ʧʦʣʦʩʘʤʠ ʤʦʞʥʦ ʩʛʣʘʜʠʪʴ ʩ ʧʦʤʦʱʴʶ ʨʘʟʣʠʯʥʳʭ ʤʝʪʦʜʦʚ 

ʘʧʧʨʦʢʩʠʤʘʮʠʠ.  

ʆʪ ʬʘʟʦʚʳʭ ʟʥʘʯʝʥʠʡ ʥʘʤ ʥʘʜʦ ʧʝʨʝʡʪʠ ʢ ʚʳʯʠʩʣʝʥʠʶ ʧʨʦʬʠʣʷ. 

ʕʪʠ ʚʳʯʠʩʣʝʥʠʷ ʟʘʚʠʩʷʪ ʦʪ ʛʝʦʤʝʪʨʠʠ ʩʭʝʤʳ ʠ ʪʨʝʙʫʶʪ ʧʨʝʜʚʘʨʠʪʝʣʴ-

ʥʦʡ ʢʘʣʠʙʨʦʚʢʠ ʩʠʩʪʝʤʳ, ʪʘʢʞʝ ʢʘʢ ʠ ʜʣʷ ʩʣʫʯʘʷ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ 

ʦʩʚʝʱʝʥʠʷ. 

ʂ ʥʝʜʦʩʪʘʪʢʘʤ ʤʝʪʦʜʦʚ ʨʘʩʰʠʬʨʦʚʢʠ ʥʘ ʦʩʥʦʚʝ ʮʝʥʪʨʦʚ ʧʦʣʦʩ 

ʤʦʞʥʦ ʦʪʥʝʩʪʠ: 

- ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʠʥʪʝʨʘʢʪʠʚʥʦʡ ʦʙʨʘʙʦʪʢʠ ʧʨʠ ʘʥʘʣʠʟʝ ʧʦʣʦʩ 

ʩʣʦʞʥʦʡ ʬʦʨʤʳ; 

- ʚʳʙʨʘʥʥʳʡ ʤʝʪʦʜ ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʚʥʦʩʠʪ ʧʨʦʠʟʚʦʣ ʧʨʠ ʦʧʨʝʜʝ-

ʣʝʥʠʠ ʟʥʘʯʝʥʠʡ ʧʨʠʨʘʱʝʥʠʡ ʤʝʞʜʫ ʮʝʥʪʨʘʤʠ ʧʦʣʦʩ; 

- ʪʦʯʥʦʩʪʴ ʤʝʪʦʜʘ ʥʝʚʝʣʠʢʘ, ʧʦʛʨʝʰʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʮʝʥʪʨʘ ʧʦ-

ʣʦʩ ʩʦʩʪʘʚʣʷʝʪ 0.1 ʧʦʣʦʩʳ. 

ʕʪʠ ʥʝʜʦʩʪʘʪʢʠ ʩʥʠʞʘʶʪ ʦʙʣʘʩʪʴ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʤʝʪʦʜʘ. ʆʜʥʘʢʦ 

ʤʝʪʦʜ ʦʯʝʥʴ ʧʨʦʩʪʦʡ, ʠʥʪʫʠʪʠʚʥʦ ʧʦʥʷʪʥʳʡ, ʠ ʦʥ ʯʘʩʪʦ ʧʨʠʤʝʥʷʝʪʩʷ 

ʜʣʷ ʘʥʘʣʠʟʘ ʥʝʩʣʦʞʥʳʭ ʦʙʲʝʢʪʦʚ. 

 

2. ɸʅɸʃʀɿ ʉʇɽʂʊʈɸʃʔʅʓʍ ʉʆʉʊɸɺʃʗʖʑʀʍ 

ɽʩʣʠ ʯʘʩʪʦʪʳ ʩʨʝʜʥʝʡ ʠʥʪʝʥʩʠʚʥʦʩʪʠ, ʚʘʨʠʘʮʠʠ ʠʥʪʝʥʩʠʚʥʦʩʪʠ, ʠ 

ʬʘʟʳ ʥʘʤʥʦʛʦ ʤʝʥʴʰʝ, ʯʝʤ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʘʷ ʯʘʩʪʦʪʘ ʠʥʪʝʨʬʝʨʝʥʮʠ-

ʦʥʥʳʭ ʧʦʣʦʩ, ʪʦ ʧʦʣʝʟʥʘʷ ʯʘʩʪʴ ʩʠʛʥʘʣʘ, ʩʦʜʝʨʞʘʱʘʷ ʠʥʬʦʨʤʘʮʠʶ ʦ 

ʬʘʟʝ, ʤʦʞʝʪ ʙʳʪʴ ʚʳʜʝʣʝʥʘ ʩ ʧʦʤʦʱʴʶ ʬʠʣʴʪʨʘʮʠʠ ʚ ʯʘʩʪʦʪʥʦʡ ʦʙʣʘ-

ʩʪʠ ʠʣʠ ʩ ʧʨʠʤʝʥʝʥʠʝʤ ʮʠʬʨʦʚʳʭ ʬʠʣʴʪʨʦʚ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʚ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝʥʥʦʡ ʦʙʣʘʩʪʠ. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʜʣʷ ʧʦʣʥʦʮʝʥʥʦʛʦ ʘʥʘʣʠʟʘ 

ʪʨʝʙʫʝʪʩʷ, ʯʪʦʙʳ ʥʘ ʦʙʲʝʢʪ ʧʨʦʝʮʠʨʦʚʘʣʦʩʴ ʙʦʣʴʰʦʝ ʯʠʩʣʦ ʧʦʣʦʩ ʜʣʷ 

ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʛʦ ʨʘʟʨʝʰʝʥʠ ̫ʩʧʝʢʪʨʘ ʧʦʣʝʟʥʦʛʦ ʩʠʛʥʘʣʘ. 
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ɽʩʣʠ ʧʦʣʦʩʳ ʦʨʠʝʥʪʠʨʦʚʘʥ rʧʦ ʢʦʦʨʜʠʥʘʪʝ x, ʪʦ ʚʳʨʘʞʝʥʠʝ (1.1) 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ [2] 

0( , ) ( , ) ( , )cos( ( , ) 2 )I x y A x y B x y x y xj pw= + D +
 ,  (2.1) 

ʛʜʝ 0
w

 - ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʘʷ ʯʘʩʪʦʪʘ ʧʦʣʦʩ.  

ʏʪʦʙʳ ʠʟʙʝʞʘʪʴ ʧʨʦʙʣʝʤ, ʩʚʷʟʘʥʥʳʭ ʩ ʟʘʤʢʥʫʪʳʤʠ ʧʦʣʦʩʘʤʠ, ʯʘ-

ʩʪʦʪʫ ʧʦʣʦʩ ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʪʘʢ, ʯʪʦʙʳ 

02 max( ( , ))grad x ypw j> D
 .     (2.2) 

ɺʳʨʘʞʝʥʠʝ (2.1) ʤʦʞʥʦ ʧʝʨʝʧʠʩʘʪʴ ʚ ʚʠʜʝ:  
0 02 2*( , ) ( , ) ( , ) ( , )

i x i x
I x y A x y C x y e C x y e

pw pw-
= + +

 ,  (2.3) 

ʛʜʝ * - ʟʥʘʢ ʢʦʤʧʣʝʢʩʥʦʛʦ ʩʦʧʨʷʞʝʥʠʷ ʠ 

( , )1
( , ) ( , )

2

i x yC x y B x y ejD=
 ,       (2.4) 

ʇʦʩʣʝ ʦʜʥʦʤʝʨʥʦʛʦ ʌʫʨʴʝ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʧʦ x ʧʦʣʫʯʠʤ 
*

0 0( , ) ( , ) ( , ) ( , )f f fG y A y C y C yw w w w w w= + - + +
, (2.5) 

ʛʜʝ G , fA
, fC

- ʩʧʝʢʪʨʳ ʌʫʨʴʝ, w - ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʝ ʯʘʩʪʦʪʳ. ɽʩʣʠ 

fA
, fC

 ʠ w ʠʤʝʶʪ ʯʘʩʪʦʪʳ ʥʘʤʥʦʛʦ ʤʝʥʴʰʝ, ʯʝʤ 0w  (ʨʠʩ. 2.1), ʪʦ 

( , )G yw
 ʷʚʣʷʝʪʩʷ ʪʨʠʤʦʜʘʣʴʥʦʡ ʬʫʥʢʮʠʝʡ ʠ ʧʦʣʝʟʥʘʷ ʯʘʩʪʴ ʩʠʛʥʘʣʘ 

(ʞʝʣʪʳʡ ʮʚʝʪ) ʤʦʞʝʪ ʙʳʪʴ ʚʳʜʝʣʝʥʘ ʬʠʣʴʪʨʘʮʠʝʡ. 

ʇʦʩʣʝ ʩʜʚʠʛʘ ʥʘ 0w  (ʧʝʨʝʥʦʩ ʚ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ) ʠ ʦʙʨʘʪʥʦʛʦ 

ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʌʫʨʴʝ, ʧʦʣʫʯʠʤ 
( , )C x y

. ʆʪʢʫʜʘ ʨʘʟʥʦʩʪʴ ʬʘʟ ʤʦʞʝʪ 

ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʘ, ʢʘʢ  

Im( ( , ))
( , )

Re( ( , ))

C x y
x y

C x y
jD =

 ,         (2.6) 

ʛʜʝ Re( ( , ))C x y ʠ 
Im( ( , ))C x y

, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʝʘʣʴʥʘʷ ʠ ʤʥʠʤʘʷ ʯʘʩʪʴ 

( , )C x y
. 

ʇʨʦʮʝʩʩ ʬʠʣʴʪʨʘʮʠʠ ʚ ʦʙʣʘʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ ʯʘʩʪʦʪ ʤʦʞʝʪ 

ʙʳʪʴ ʟʘʤʝʥʝʥ ʘʥʘʣʠʟʦʤ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʦʙʣʘʩʪʠ. 
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ɽʩʣʠ ʩʧʝʢʪʨ ʷʚʣʷʝʪʩʷ ʪʨʠʤʦʜʘʣʴʥʦʡ ʬʫʥʢʮʠʝʡ (ʨʠʩ. 2.1), ʪʦ ʨʘʟʥʦʩʪʴ 

ʬʘʟ ʤʦʞʝʪ ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʘ ʧʦʩʨʝʜʩʪʚʦʤ ʜʠʩʢʨʝʪʥʦʡ ʩʚʝʨʪʢʠ ʩ ʢʦʤ-

ʧʣʝʢʩʥʳʤ ʬʠʣʴʪʨʦʤ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʦʙʣʘʩʪʠ. 

 

 
ʈʠʩ.2.1. ʈʘʟʜʝʣʝʥʠʝ ʯʘʩʪʦʪ ʚ ʩʧʝʢʪʨʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

 

ʏʪʦʙʳ ʚʳʜʝʣʠʪʴ ʧʦʣʝʟʥʫʶ ʩʦʩʪʘʚʣʷʶʱʫʶ ʬʠʣʴʪʨ ʜʦʣʞʝʥ ʫʜʘʣʷʪʴ 

ʥʫʣʝʚʫʶ ʠ ʦʪʨʠʮʘʪʝʣʴʥʫʶ 0w-  ʯʘʩʪʦʪʳ ʠ ʧʨʦʧʫʩʢʘʪʴ ʧʦʣʦʞʠʪʝʣʴʥʫʶ 

ʯʘʩʪʦʪʫ 0w. ɼʣʷ ʵʪʦʛʦ ʥʝʦʙʭʦʜʠʤʦ ʢʦʥʩʪʨʫʠʨʦʚʘʥʠʝ ʮʠʬʨʦʚʳʭ ʬʠʣʴ-

ʪʨʦʚ ʩ ʧʘʨʘʤʝʪʨʘʤʠ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʥʝʩʫʱʝʡ ʯʘʩʪʦʪʝ. ɻʣʘʚʥʘʷ ʟʘ-

ʜʘʯʘ ʧʨʠ ʮʠʬʨʦʚʦʡ ʢʦʤʧʣʝʢʩʥʦʡ ʬʠʣʴʪʨʘʮʠʠ - ʩʠʥʪʝʟ ʣʫʯʰʠʭ ʧʦ ʢʨʠ-

ʪʝʨʠʷʤ ʪʦʯʥʦʩʪʠ ʠ ʙʳʩʪʨʦʜʝʡʩʪʚʠʷ ʬʠʣʴʪʨʦʚ. 

ʕʪʦʪ ʤʝʪʦʜ ʤʦʞʥʦ ʨʘʩʧʨʦʩʪʨʘʥʠʪʴ ʠ ʜʣʷ ʜʚʫʤʝʨʥʦʛʦ ʩʣʫʯʘʷ, ʧʨʠ 

ʵʪʦʤ ʬʠʣʴʪʨʘʮʠʷ ʧʨʦʠʟʚʦʜʠʪʩʷ ʚ ʦʜʥʦʡ ʧʦʣʫʧʣʦʩʢʦʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʘ 

ʌʫʨʴʝ.  



11 

 

ɺ ʩʣʫʯʘʝ ʨʝʘʣʴʥʦʡ ʠʥʪʝʨʬʝʨʦʛʨʘʤʤʳ ʥʝʨʘʚʥʦʤʝʨʥʦʩʪʴ ʢʘʨʪʠʥʳ 

ʚʝʜʝʪ ʢ ʫʰʠʨʝʥʠʶ ʮʝʥʪʨʘʣʴʥʦʛʦ ʤʘʢʩʠʤʫʤʘ, ʘ ʰʫʤʳ ʜʘʶʪ ʨʘʚʥʦʤʝʨ-

ʥʳʡ ʬʦʥ (ʨʠʩ. 2.2) 

 
ʈʠʩ.2.2.  ʈʝʘʣʴʥʘʷ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʘʷ ʢʘʨʪʠʥʘ (ʘ) ʠ ʝʝ ʩʧʝʢʪʨ (ʙ). 

 

ʅʘ ʨʠʩ. 2.3 ʧʦʢʘʟʘʥ ʧʨʦʮʝʩʩ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʦʬʠʣʷ ʩʢʫʣʴʧʪʫʨʳ ʤʝ-

ʪʦʜʦʤ ʩʧʝʢʪʨʘʣʴʥʦʛʦ ʘʥʘʣʠʟʘ [3].  

 

 
ʘ 

 
ʙ 
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ʚ 

 
ʛ 

ʈʠʩ. 2.3. ʀʟʤʝʨʝʥʠʝ ʧʨʦʬʠʣʷ ʩʢʫʣʴʧʪʫʨʳ ʩ ʧʦʤʦʱʴʶ ʌʫʨʴʝ-ʘʥʘʣʠʟʘ 

 (ʘ ï ʧʨʦʝʮʠʨʫʝʤʳʝ ʧʦʣʦʩʳ, ʙ ï ʧʦʣʦʩʳ, ʩʧʨʦʝʮʠʨʦʚʘʥʥʳʝ ʥʘ ʦʙʲʝʢʪ, ʚ - ʯʘ-

ʩʪʦʪʥʳʝ ʢʦʤʧʦʥʝʥʪʳ ʚ ʦʙʣʘʩʪʠ ʌʫʨʴʝ-ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ, ʛ - ʚʦʩʩʪʘʥʦʚʣʝʥʥʦʝ 

ʬʘʟʦʚʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ).  

 

ʇʨʠʚʝʜʝʤ ʪʘʢʞʝ ʨʝʟʫʣʴʪʘʪʳ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʧʦʜʦʙʥʦʛʦ ʤʝʪʦʜʘ 

ʘʥʘʣʠʟʘ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʠʩʢʨʠʚʣʝʥʠʷ ʧʦʟʚʦʥʦʯʥʠʢʘ [4] (ʆʆʆ çʄɽ-

ʊʆʉè ʛ. ʅʦʚʦʩʠʙʠʨʩʢ).  

ʉʠʩʪʝʤʘ ʧʦʣʦʩ ʧʨʦʝʮʠʨʫʝʪʩʷ ʥʘ ʦʙʲʝʢʪ ʜʣʷ ʚʦʩʩʪʘʥʦʚʣʝʥʠʷ ʪʦʧʦ-

ʛʨʘʤʤʳ ʧʦʚʝʨʭʥʦʩʪʠ ʪʫʣʦʚʠʱʘ ʩ ʮʝʣʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ʩʪʝʧʝʥʠ ʠʩʢʨʠʚ-

ʣʝʥʠʷ ʧʦʟʚʦʥʦʯʥʠʢʘ (ʨʠʩ. 2.4). ʄʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʨʝʟʫʣʴʪʘʪ ʩʦʜʝʨ-

ʞʠʪ ʬʘʟʦʚʫʶ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ. ʄʝʪʦʜʳ ʫʩʪʨʘʥʝʥʠʷ 2“ - ʥʝʦʜʥʦʟʥʘʯ-

ʥʦʩʪʠ  ʤʳ ʨʘʩʩʤʦʪʨʠʤ ʥʠʞʝ. 

ʅʝʜʦʩʪʘʪʢʠ ʤʝʪʦʜʘ: 

- ʧʨʠ ʥʝʙʦʣʴʰʦʤ ʯʠʩʣʝ ʧʦʣʦʩ ʩʣʦʞʥʦ ʚʳʜʝʣʠʪʴ ʠʥʬʦʨʤʘʪʠʚʥʫʶ 

ʯʘʩʪʴ ʚ ʩʧʝʢʪʨʘʣʴʥʦʡ ʦʙʣʘʩʪʠ, ʧʦʩʢʦʣʴʢʫ ʦʥʘ ʩʣʠʚʘʝʪʩʷ ʩ ʮʝʥ-

ʪʨʘʣʴʥʦʡ ʯʘʩʪʴʶ; 

- ʧʨʠ ʫʚʝʣʠʯʝʥʠʠ ʰʫʤʦʚ ʧʨʦʠʩʭʦʜʠʪ ʨʘʟʤʳʪʠʝ ʮʝʥʪʨʘʣʴʥʦʡ ʯʘʩʪʠ 

ʩʧʝʢʪʨʘ, ʯʪʦ ʥʝ ʧʦʟʚʦʣʷʝʪ ʪʦʯʥʦ ʚʳʜʝʣʠʪʴ ʠʥʬʦʨʤʘʪʠʚʥʫʶ ʯʘʩʪʴ. 
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ʈʠʩ.2.4.  (ʙ) - ʠʩʭʦʜʥʳʡ ʩʥʠʤʦʢ, (ʚ) ï ʪʦʧʦʛʨʘʤʤʘ ʚʦʩʩʪʘʥʦʚʣʝʥʥʦʡ 

ʧʦʚʝʨʭʥʦʩʪʠ. 

 

ʄʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʘʥʘʣʠʟʝ ʩʧʝʢʪʨʘʣʴʥʳʭ ʩʦʩʪʘʚʣʷʶʱʠʭ, ʙʦ-

ʣʝʝ ʪʦʯʥʳ ʠ ʣʝʛʢʦ ʨʝʘʣʠʟʫʝʤʳ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ʤʝʪʦʜʘʤʠ, ʦʩʥʦʚʘʥʥʳʤʠ 

ʥʘ ʚʳʜʝʣʝʥʠʠ ʮʝʥʪʨʦʚ ʧʦʣʦʩ. ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʵʪʦʛʦ ʤʝʪʦʜʘ ʚʦʟ-

ʤʦʞʥʦ ʧʦʩʪʨʦʝʥʠʝ ʧʦʣʥʦʩʪʴʶ ʘʚʪʦʤʘʪʠʯʝʩʢʠʭ ʘʣʛʦʨʠʪʤʦʚ. 

 

3. ʄʝʪʦʜʳ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʧʦʰʘʛʦʚʦʤ ʬʘʟʦʚʦʤ ʩʜʚʠʛʝ 

(phase shifting interferometry  - PSI) 

ʄʦʞʥʦ ʚʳʜʝʣʠʪʴ ʠʩʢʦʤʫʶ ʨʘʟʥʦʩʪʴ ʬʘʟ dj ʧʨʷʤʦ ʠʟ ʫʨʘʚʥʝʥʠʷ 
(1.1) 

0( , ) ( , )(1 ( , )cos( ( , ) ( , ))p rI x y I x y V x y x y x yj j= + -
 .      

ɺ ʥʝʤ ʪʨʠ ʥʝʠʟʚʝʩʪʥʳʭ: 0( , )I x y ï ʩʨʝʜʥʷʷ ʠʥʪʝʥʩʠʚʥʦʩʪ,ɹ 

( , )V x y  ï ʢʦʥʪʨʘʩʪ, 
( , ) ( , ) ( , )p rx y x y x ydj j j= -

 -  ʠʩʢʦʤʘʷ ʨʘʟ-

ʥʦʩʪʴ ʬʘʟ.  

ɼʣʷ ʠʜʝʘʣʴʥʳʭ ʢʘʨʪʠʥ, ʚ ʢʦʪʦʨʳʭ ʩʨʝʜʥʷʷ ʠʥʪʝʥʩʠʚʥʦʩʪʴ ʠ ʢʦʥ-

ʪʨʘʩʪ ʧʦʩʪʦʷʥʥʳ ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʧʦʣʷ, ʵʪʦ ʥʝʩʣʦʞʥʦ ʩʜʝʣʘʪʴ, ʚʟʷʚ arcos 

ʦʪ ʥʘʡʜʝʥʥʳʭ ʟʥʘʯʝʥʠʡ ʠʥʪʝʥʩʠʚʥʦʩʪʠ. ʆʜʥʘʢʦ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʵʪʦʛʦ 
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ʩʜʝʣʘʪʴ ʥʝʣʴʟʷ. 
0( , )I x y  ʠ ( , )V x y ʤʝʥʷʶʪʩʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ 

( , )x y . ɺ [2] ʧʦʢʘʟʘʥʦ, ʯʪʦ ʜʣʷ ʦʜʥʦʟʥʘʯʥʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʟʥʦʩʪʠ 

ʬʘʟ ʥʝʦʙʭʦʜʠʤʦ ʥʝ ʤʝʥʝʝ ʪʨʝʭ ʚʟʘʠʤʥʦ ʥʝʟʘʚʠʩʠʤʳʭ ʫʨʘʚʥʝʥʠʡ. ɺʟʘ-

ʠʤʥʘʷ ʥʝʟʘʚʠʩʠʤʦʩʪʴ ʜʦʩʪʠʛʘʝʪʩʷ, ʥʘʧʨʠʤʝʨ, ʝʩʣʠ ʚ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ 

ʫʨʘʚʥʝʥʠʡ ʜʦʙʘʚʠʪ ɹʧʦʩʪʦʷʥʥʳʡ ʬʘʟʦʚʳʡ ʩʜʚʠʛ id. 

[ ]0( , ) ( , ) 1 ( , )cos( ( , ) )i iI x y I x y V x y x ydj d= + +  ,   (3.1) 

ʛʜʝ i=0,2,3 ém-1. m ï ʯʠʩʣʦ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ ʙʦʣʴʰʝʝ ʠʣʠ ʨʘʚʥʦʝ 

ʪʨʝʤ. 

ʄʝʪʦʜʳ ʥʘ ʦʩʥʦʚʝ ʚʥʝʩʝʥʠʷ ʠʟʚʝʩʪʥʦʛʦ ʬʘʟʦʚʦʛʦ ʩʜʚʠʛʘ ʧʦʣʫʯʠʣʠ 

ʥʘʟʚʘʥʠʝ ï ʤʝʪʦʜʳ ʧʦʰʘʛʦʚʦʛʦ ʬʘʟʦʚʦʛʦ ʩʜʚʠʛʘ (phase sampling, phase 

shifting interferometry - PSI). 

ɺ ʨʝʟʫʣʴʪʘʪʝ ʧʝʨʝʤʝʱʝʥʠʷ ʟʝʨʢʘʣʘ ʠʣʠ ʦʧʦʨʥʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʦʙ-

ʨʘʟʫʝʪʩʷ ʩʝʨʠʷ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʳʭ ʢʘʨʪʠʥ, ʧʦ ʢʦʪʦʨʦʡ ʤʦʞʥʦ ʦʜʥʦ-

ʟʥʘʯʥʦ ʦʧʨʝʜʝʣʠʪʴ ʨʘʟʥʦʩʪʴ ʬʘʟ ʤʝʞʜʫ ʠʩʩʣʝʜʫʝʤʳʤ ʠ ʦʧʦʨʥʳʤ ʧʫʯ-

ʢʦʤ.  

ʋʧʨʘʚʣʝʥʠʝ ʬʘʟʦʚʳʤ ʩʜʚʠʛʦʤ ʤʝʞʜʫ ʦʙʲʝʢʪʥʳʤ ʠ ʦʧʦʨʥʳʤ ʧʫʯ-

ʢʘʤʠ ʚ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘʭ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʩ ʧʦʤʦʱʴʶ ʬʘʟʦʚʳʭ ʤʦʜʫʣʷ-

ʪʦʨʦʚ [2]. ʅʘʠʙʦʣʝʝ ʯʘʩʪʦ ʬʘʟʦʚʳʡ ʩʜʚʠʛ ʚ ʠʥʪʝʨʬʝʨʦʤʝʪʨʠʠ ʟʘʜʘʝʪʩʷ ʩ 

ʧʦʤʦʱʴʶ ʧʴʝʟʦʢʝʨʘʤʠʢʠ (ʨʠʩ. 3.1). 

 

  
 

ʈʠʩ. 3.1. ʉʣʝʚʘ: ʩʭʝʤʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ ʊʚʘʡʤʘʥʘ-ɻʨʠʥʘ ʩ ʧʝʨʝʤʝʱʝʥʠʝʤ ʟʝʨ-

ʢʘʣʘ, ʟʘʢʨʝʧʣʝʥʥʦʛʦ ʥʘ ʧʴʝʟʦʢʝʨʘʤʠʢʝ. ʉʧʨʘʚʦ: ʩʭʝʤʘ ʠʥʪʝʨʬʝʨʦʤʝʪʨʘ ʌʠʟʦ ʩ 

ʧʝʨʝʤʝʱʝʥʠʝʤ ʵʪʘʣʦʥʥʦʡ ʧʦʚʝʨʭʥʦʩʪʴ ʩ ʧʦʤʦʱʴʶ ʧʴʝʟʦʢʝʨʘʤʠʢʠ. 
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ɺ ʦʧʪʠʯʝʩʢʠʭ 3D ʩʢʘʥʝʨʘʭ ʬʦʨʤʠʨʫʝʪʩʷ ʩʝʨʠʷ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʢʘʨʪʠʥ ʩ ʟʘʜʘʥʥʳʤ ʩʜʚʠʛʦʤ ʬʘʟ. ʆʙʱʘʷ ʬʦʨʤʫʣʘ ʜʣʷ ʢʦʤʧʴʶʪʝʨʥʦʛʦ 

ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʢʘʨʪʠʥ ʦʨʠʝʥʪʠʨʦʚʘʥʥʳʭ ʚʜʦʣʴ ʦʩʠ x:  

2
( , ) cos

p

r i

x

N
I i j a i

N

p
d

å õ
= +æ ö

ç ÷

   ,        (3.2) 

ʛʜʝ 
xN  - ʯʠʩʣʦ ʪʦʯʝʢ ʚ ʤʘʩʩʠʚʝ, 

pN  - ʪʨʝʙʫʝʤʦʝ ʯʠʩʣʦ ʧʦʣʦʩ, 
id - 

ʬʘʟʦʚʳʡ ʩʜʚʠʛ (ʨʠʩ. 3.2).  

 

           
 

ʈʠʩ. 3.2. ɻʝʥʝʨʘʮʠʷ ʧʦʣʦʩ ʩ ʬʘʟʦʚʳʤ ʩʜʚʠʛʦʤ. 

 

ʅʘ ʨʠʩ. 3.2 ʧʦʢʘʟʘʥʳ ʩʛʝʥʝʨʠʨʦʚʘʥʥʳʝ ʧʦʣʦʩʳ ʩ ʬʘʟʦʚʳʤʠ ʩʜʚʠ-

ʛʘʤʠ 
1 0d= , 

2 2 / 3d p= , 3 4 / 3d p= .  

 

         
 

ʈʠʩ. 3.3. ʆʙʲʝʢʪ, ʩ ʧʨʦʝʮʠʨʦʚʘʥʥʳʤʠ ʥʘ ʥʝʛʦ ʧʦʣʦʩʘʤʠ. 
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ʕʪʠ ʧʦʣʦʩʳ ʧʨʦʝʮʠʨʫʶʪʩʷ ʥʘ ʦʙʲʝʢʪ. ʇʦʩʣʝ ʨʝʛʠʩʪʨʘʮʠʠ ʩʝʨʠʠ 

ʢʘʨʪʠʥ, ʦʪʨʘʞʝʥʥʳʭ ʦʪ ʦʙʲʝʢʪʘ, (ʨʠʩ. 3.3) ʠʩʢʦʤʘʷ ʨʘʟʥʦʩʪʴ ʬʘʟ 

( , )x ydj  ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʘ ʩ ʧʦʤʦʱʴʶ ʥʝʢʦʪʦʨʳʭ ʘʣʛʦʨʠʪʤʦʚ ʨʘʩ-

ʰʠʬʨʦʚʢʠ. 

ɺ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʝʣʠʯʠʥʳ ʩʜʚʠʛʦʚ ʠ ʠʭ ʢʦʣʠʯʝʩʪʚʘ ʩʫʱʝʩʪʚʫʶʪ 

ʨʘʟʣʠʯʥʳʝ ʬʦʨʤʫʣʳ ʨʘʩʰʠʬʨʦʚʢʠ. ʆʩʥʦʚʥʳʝ ʬʦʨʤʫʣʳ ʨʘʩʩʤʦʪʨʝʥʳ ʚ 

ʩʣʝʜʫʶʱʝʤ ʨʘʟʜʝʣʝ. 

 

3.1 ʄʝʪʦʜʳ ʨʘʩʰʠʬʨʦʚʢʠ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʠʟʚʝʩʪʥʦʤ ʬʘ-

ʟʦʚʦʤ ʩʜʚʠʛʝ 

ʇʨʠ ʪʨʝʭ ʧʨʦʠʟʚʦʣʴʥʳʭ ʩʜʚʠʛʘʭ, ʨʝʰʘʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʫʶ ʩʠ-

ʩʪʝʤʫ, ʩʦʩʪʦʷʱʫʶ ʠʟ ʪʨʝʭ ʫʨʘʚʥʝʥʠʡ ʆʰʠʙʢʘ! ʀʩʪʦʯʥʠʢ ʩʩʳʣʢʠ ʥʝ 

ʥʘʡʜʝʥ., ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʩʣʝʜʫʶʱʝʝ ʚʳʨʘʞʝʥʠʝ: 

 

2 3 1 3 1 2 1 2 3

3 2 1 1 3 2 2 1 3

( ) sin( ) ( ) sin( ) ( ) sin( )

( ) cos( ) ( ) cos( ) ( ) cos( )

I I I I I I
arctg

I I I I I I

d d d
dj

d d d

- Ö + - Ö + - Ö
=

- Ö + - Ö + - Ö
 . (3.3) 

 

ɼʣʷ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ 
1 0d= , 

2 2 / 3d p= , 3 4 / 3d p= . ʚʳʨʘʞʝʥʠʝ 

(3.3) ʧʨʠʤʝʪ ʚʠʜ: 

3 2

1 2 3

3( )
.

2

I I
arctg

I I I
dj

-
=

- -
         (3.4) 

ɽʱʝ ʙʦʣʝʝ ʧʨʦʩʪʘʷ ʬʦʨʤʫʣʘ ʙʳʣʘ ʧʦʣʫʯʝʥʘ ʜʣʷ d1= /́4, d2=3 /́4, 

d2=5 /́4 [5]: 

3 2

1 2

arctan
I I

I I
dj

-
=

-
.                                    (3.5) 

ʇʨʠ ʯʝʪʳʨʝʭ ʬʘʟʦʚʳʭ ʩʜʚʠʛʘʭ d1=0, d2= /́2, d3=   ́ʠ d4=3 /́2 ʧʦʣʫ-

ʯʘʝʪʩʷ ʚʳʨʘʞʝʥʠʝ [6]: 

4 2

1 3

arctan
I I

I I
dj

-
=

-
  .                                  (3.6) 

ʌʦʨʤʫʣʘ (3.6) ʥʘʠʙʦʣʝʝ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʶʪʩʷ ʧʨʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʦʙ-

ʨʘʙʦʪʢʝ, ʪ.ʢ. ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ, ʥʝʦʙʭʦʜʠʤʳʝ ʜʣʷ ʝʝ ʨʝʘʣʠʟʘ-
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ʮʠʠ, ʷʚʣʷʶʪʩʷ ʦʯʝʥʴ ʧʨʦʩʪʳʤʠ ʠ ʤʦʛʫʪ ʙʳʪʴ ʨʝʘʣʠʟʦʚʘʥʳ ʩ ʧʦʤʦʱʴʶ 

ʦʩʥʦʚʥʳʭ ʢʦʤʘʥʜ ʧʨʦʮʝʩʩʦʨʘ.  

ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʯʠʩʣʦ ʩʜʚʠʛʦʚ ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʟʚʦʣʴʥʳʤ (ʥʦ ʥʝ 

ʤʝʥʝʝ ʪʨʝʭ). ʌʦʨʤʫʣʳ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʟʥʦʩʪʠ ʬʘʟ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ 

ʨʝhʝʥʠʝʤ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʚʠʜʘ (3.1), ʥʦ ʜʣʷ ʙʦʣʴʰʦʛʦ 

ʯʠʩʣʘ ʩʜʚʠʛʦʚ ʵʪʦ ʤʦʞʝʪ ʩʦʩʪʘʚʠʪʴ ʧʨʦʙʣʝʤʫ, ʧʦʩʢʦʣʴʢʫ ʦʙʱʝʡ ʩʭʝʤʳ 

ʜʣʷ ʨʝʰʝʥʠʷ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʭ ʫʨʘʚʥʝʥʠʡ ʥʝ ʩʫʱʝʩʪʚʫʝʪ.  

ʇʦʢʘʞʝʤ, ʢʘʢ ʥʘʡʪʠ ʨʘʟʨʝʰʘʶʱʠʝ ʫʨʘʚʥʝʥʠʷ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʦʚ 

ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʳ [2,7]. 

 

3.2 ɺʳʚʦʜ ʬʦʨʤʫʣ ʨʘʩʰʠʬʨʦʚʢʠ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʢʦ-

ʣʠʯʝʩʪʚʘ ʩʜʚʠʛʦʚ 

ʇʨʝʜʩʪʘʚʠʤ ʚʳʨʘʞʝʥʠʝ (3.1) ʚ ʚʝʢʪʦʨʥʦʡ ʬʦʨʤʝ (ʫʯʠʪʳʚʘʷ, ʯʪʦ 

cos(Ŭ+ɓ) = cosŬĿcosɓ - sinŬĀsinɓ) 

 

0 0 0( cos ) ( sin )I I R I V C I V Sdj dj= Ö + Ö Ö - Ö Ö   
 
,           (3.7) 

ʛʜʝ T
mIII ),,( 10 -= >

d
 - ʥʘʙʦʨ ʠʟʤʝʨʝʥʥʳʭ ʠʥʪʝʥʩʠʚʥʦʩʪʝʡ ʩ ʨʘʟʣʠʯʥʳ-

ʤʠ ʬʘʟʦʚʳʤʠ ʩʜʚʠʛʘʤʠ id  ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʠʥʪʝʨʬʝʨʦʛʨʘʤʤʳ (x,y), 

TR )1,,1( >
d
= , T

mC )cos,,(cos 10 -= dd >
d

, T
mS )sin,,(sin 10 -= dd >

d
, ʨʘʟʤʝʨ-

ʥʦʩʪʴ ʚʝʢʪʦʨʦʚ ʦʧʨʝʜʝʣʷʝʪʩʷ m - ʯʠʩʣʦʤ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ id . 

ɼʣʷ ʚʳʜʝʣʝʥʠʷ ʢʚʘʜʨʘʪʫʨʥʳʭ ʩʦʩʪʘʚʣʷʶʱʠʭ fsin  ʠ fcos  ʚʦʩʧʦʣʴ-

ʟʫʝʤʩʷ ʩʚʦʡʩʪʚʦʤ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʚʝʢʪʦʨʦʚ 

( )0a a^Ö =. ʋʤʥʦʞʘʷ  ʧʨʘʚʫʶ ʠ ʣʝʚʫʶ ʯʘʩʪʴ ʚʳʨʘʞʝʥʠʷ (3.7) ʥʘ ʚʝʢʪʦʨ 

C^ ʧʦʣʫʯʠʤ: 

0 0 0( cos ) ( sin )I C I R C I V C C I V S Cdj dj^ ^ ^ ^Ö = Ö Ö + Ö Ö Ö - Ö Ö Ö 
 
,  (3.8) 

0 0 0( cos ) ( sin )I S I R S I V C S I V S Sdj dj^ ^ ^ ^Ö = Ö Ö + Ö Ö Ö - Ö Ö Ö  .   (3.9) 

ɺ ʩʠʣʫ ʩʚʦʡʩʪʚʘ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʚʝʢʪʦʨʦʚ 

ʧʦʣʫʯʠʤ 

0 0 0( cos ) ( sin )I C I R C I V C C I V S Cdj dj^ ^ ^ ^Ö = Ö Ö + Ö Ö Ö - Ö Ö Ö
 
, (3.10) 
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0 0( cos )I S I R S I V C Sdj^ ^ ^Ö = Ö Ö + Ö,                                           (3.11) 

ʛʜʝ ^S
d

 ʠ ^C
d

 ʚʝʢʪʦʨʘ, ʦʨʪʦʛʦʥʘʣʴʥʳʝ ʚʝʢʪʦʨʘʤ S
d

 ʠ C
d

 ʩʦʦʪʚʝʪʩʪʚʝʥ-

ʥʦ.  

ʆʨʪʦʛʦʥʘʣʴʥʳʡ ʚʝʢʪʦʨ ^a
d

 ʤʦʞʥʦ ʥʘʡʪʠ ʩ ʧʦʤʦʱʴʶ ʤʘʪʨʠʯʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ: aMa
dd
Ö=^ . ʄʘʪʨʠʮʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ M ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦ-

ʨʷʪʴ ʩʣʝʜʫʶʱʠʤ ʪʨʝʙʦʚʘʥʠʷʤ:  

det 0M =       
 
,                                                    (3.12) 

[ ]1 1 1 1 0
T

MÖ =          .                              (3.13) 

ʋʯʠʪʳʚʘʷ (3.13) ʤʦʞʥʦ ʫʚʠʜʝʪʴ, ʯʪʦ ʩʢʘʣʷʨʥʳʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʚʝʢ-

ʪʦʨʦʚ 0=Ö^CR
dd

 ʠ 0=Ö^SR
dd

, ʦʪʢʫʜʘ: 

 

0 sin
I C

I V
S C

dj
^

^

Ö
=-

Ö
       

 
,                           (3.14) 

0 cos
I S

I V
C S

dj
^

^

Ö
=
Ö

          .                            (3.15) 

ʋʯʠʪʳʚʘʷ ʩʚʦʡʩʪʚʦ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ  ( ) ( )baba Ö-=Ö ^^ ,  

ʧʦʣʫʯʠʤ ( ) ( )^^ Ö-=Ö CSSC
dddd

.  ʊʦʛʜʘ ʘʣʛʦʨʠʪʤ ʨʘʩʰʠʬʨʦʚʢʠ ʚ ʚʝʢʪʦʨʥʦʡ 

ʬʦʨʤʝ ʧʨʠʤʝʪ ʩʣʝʜʫʶʱʠʡ ʚʠʜ 

sin

cos

I C

I S

dj

dj

^

^

Ö
=
Ö

  

      
 
,                            (3.16) 

arctan
I C

I S
dj

^

^

Ö
=

Ö
       .                           (3.17) 

ʇʨʠʚʝʜʝʤ ʚʳʨʘʞʝʥʠʝ ʢ ʙʦʣʝʝ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʝʤʦʤʫ ʚʠʜʫ, ʫʤʥʦʞʘʷ 

ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʥʘ ʣʝʚʫʶ ʠ ʧʨʘʚʫʶ ʯʘʩʪʴ ʫʨʘʚʥʝʥʠʷ 

( ) ( )CSSC
dddd
Ö-=Ö ^^  

arctan
I S

I C
dj

^

^

å õÖ
= -æ ö

Öç ÷
        .                      (3.18) 

ɺʳʨʘʞʝʥʠʝ (3.18) ʧʨʦʱʝ ʚʳʯʠʩʣʷʪʴ ʯʝʤ (3.17), ʪ.ʢ. ʚ ʵʪʦʤ ʩʣʫʯʘʝ 
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ʪʨʝʙʫʝʪʩʷ ʚʳʯʠʩʣʠʪʴ ʣʠʰʴ ʦʜʠʥ ʦʨʪʦʛʦʥʘʣʴʥʳʡ ʚʝʢʪʦʨ 
^I
d

. 

ʄʘʪʨʠʮʘ M , ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ ʫʢʘʟʘʥʥʳʤ ʩʚʦʡʩʪʚʘʤ (3.12), (3.13), 

ʙʫʜʝʪ ʠʤʝʪʴ ʩʣʝʜʫʶʱʠʡ ʚʠʜ: 

ù
ù
ù
ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é
é
é
é

ê

è

-

-

-

-

-

-

=

010001

101000

010100

001010

000101

100010

M  .                      (3.19) 

ʆʪʤʝʪʠʤ, ʯʪʦ ʧʨʝʜʩʪʘʚʣʝʥʥʘʷ ʬʦʨʤʘ ʤʘʪʨʠʮʳ M  - ʥʝ ʝʜʠʥʩʪʚʝʥ-

ʥʘʷ, ʚ ʢʘʯʝʩʪʚʝ ʪʘʢʦʡ ʤʘʪʨʠʮʳ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʣʶʙʫʶ, ʫʜʦʚʣʝʪʚʦ-

ʨʷʶʱʫʶ ʫʩʣʦʚʠʷʤ (3.12), (3.13). 

ɺ ʩʣʫʯʘʝ ʪʨʝʭ ʩʜʚʠʛʦʚ: 

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-

-

=

011

101

110

M       ,                                 (3.20) 

 ʠ ʚʳʨʘʞʝʥʠʝ (3.18) ʧʨʠʤʝʪ ʚʠʜ  

1 2 3

2 3 1

3 1 2

0 1 1

1 0 1

1 1 0

I I I

I I I I

I I I

^

- -è ø è ø è ø
é ù é ù é ù
= - = -
é ù é ù é ù
é ù é ù é ù- -ê ú ê ú ê ú

    .                   (3.21) 

ʇʝʨʝʤʥʦʞʘʷ ʧʦʣʫʯʝʥʥʳʡ ʚʝʢʪʦʨ ʥʘ ʚʝʢʪʦʨʘ S
d

 ʠ C
d

 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, 

ʧʦʣʫʯʠʤ 

2 3 1

3 1 2 2 3 1 3 1 2 1 2 3

1 2 3

sin

sin ( )sin ( )sin ( )sin

sin

T
I I

I I I I I I I I

I I

d

d d d d

d

-è ø è ø
é ù é ù
- = - + - + -

é ù é ù
é ù é ù-ê ú ê ú

 
 
, (3.22) 

321213132

3

2

1

21

13

32

cos)(cos)(cos)(

sin

cos

cos

ddd

d

d

d

IIIIII

II

II

II
T

-+-+-=

ù
ù
ù

ú

ø

é
é
é

ê

è

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-

-

. (3.23) 
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ʀʟ (3.22) ʠ (3.23) ʩ ʫʯʝʪʦʤ ʟʥʘʢʘ ʧʦʣʫʯʠʤ 

2 3 1 3 1 2 1 2 3

3 2 1 1 3 2 2 1 3

( )sin ( )sin ( )sin
arctan

( )cos ( )cos ( )cos

I I I I I I

I I I I I I

d d d
dj

d d d

- + - + -
=

- + - + -
 .  (3.24) 

ʅʝʩʣʦʞʥʦ ʫʙʝʜʠʪʴʩʷ, ʯʪʦ ʧʦʣʫʯʝʥʥʦʝ ʚʳʨʘʞʝʥʠʝ (3.24) ʧʦʣʥʦʩʪʴʶ 

ʩʦʚʧʘʜʘʝʪ ʩ ʥʘʡʜʝʥʥʳʤ ʨʘʥʝʝ ʚʳʨʘʞʝʥʠʝʤ (3.3). 

ɽʩʣʠ ʧʦʜʩʪʘʚʠʪʴ ʚ (3.24) ʟʥʘʯʝʥʠʷ ʢʦʥʢʨʝʪʥʳʭ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ, 

ʧʦʣʫʯʠʤ ʙʦʣʝʝ ʧʨʦʩʪʳʝ ʚʳʨʘʞʝʥʠʷ.  

 

ʇʨʠ ʬʘʟʦʚʳʭ ʩʜʚʠʛʘʭ ʨʘʚʥʳʭ ŭ1=ˊ/4, 

ŭ2=3ˊ/4, ŭ3=5ˊ/4 ʠʣʠ (45,̄135̄ ,225̄ )  

3 2

1 2

( )
arctan

( )

I I

I I
dj

-
=

-
 

(0, 2ˊ/3, 4ˊ/3) ʠʣʠ (0Á,120Á,240Á)    3 2

1 2 3

3( )
arctan

2

I I

I I I
dj

-
=

- -
 

(0,ˊ/2, 2ˊ) ʠʣʠ (0Á,90Á,180Á)  

1 2 3

1 3

2 )
arctan

I I I

I I
dj

- +
=

-

 

(0,ˊ/3, 2ˊ/3) ʠʣʠ (0Á,60Á,120Á)   

1 2 3

2 3

2 3 )
arctan

3( )

I I I

I I
dj

- +
=

-

 

 

ɺ ʩʣʫʯʘʝ ʯʝʪʳʨʝʭ ʩʜʚʠʛʦʚ 

2 41

1 32

2 43

1 34

0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0

I II

I II
I

I II

I II

^

-- è øè øè ø
é ùé ùé ù - +-
é ùé ùé ù= =
é ùé ùé ù - +-
é ùé ùé ù
--ê úê úê ú

.      (3.25) 

ʇʝʨʝʤʥʦʞʘʷ ʧʦʣʫʯʝʥʥʳʡ ʚʝʢʪʦʨ ʥʘ ʚʝʢʪʦʨʘ S
d

 ʠ C
d

 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, 

ʧʦʣʫʯʠʤ 
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431314213142
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1
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sin)(sin)(sin)(sin)(

sin

sin

sin

sin

dddd

d

d

d

d

IIIIIIII
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II
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II
T

-+-+-+-=
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ù
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ù
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é
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è

-
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4

3

2

1

31

41

31

42

cos)(cos)(cos)(cos)(

cos

cos

cos

cos

dddd

d

d

d

d

IIIIIIII

II

II

II

II
T

-+-+-+-=

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

-

+-

+-

-

ʆʪʩʶʜʘ ʩ ʫʯʝʪʦʤ ʟʥʘʢʘ 

2 4 1 3 1 2 4 1 3 1 3 4

4 2 1 1 3 2 1 4 3 3 1 4

( )sin ( )sin ( )sin ( )sin
arctan

( )cos ( )cos ( )cos ( )cos

I I I I I I I I

I I I I I I I I

d d d d
dj

d d d d

- + - + - + -
=

- + - + - + -
 . (3.26) 

ʇʨʠ ʬʘʟʦʚʳʭ ʩʜʚʠʛʘʭ ʨʘʚʥʳʭ ŭ1=0, ŭ2=ˊ/2, ŭ3=ˊ, ŭ4=3ˊ/2 ʠʣʠ 

(0 ,̄90̄ ,180̄ ,270̄ )  

4 2

1 3

( )
arctan

( )

I I

I I
dj

-
=

-
. 

ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʪʦʞʝ ʩʦʚʧʘʜʘʝʪ ʩ ʨʘʥʝʝ ʦʧʠʩʘʥʥʳʤ ʚʳʨʘʞʝʥʠʝʤ 

(3.5).  

ʅʦ ʙʦʣʝʝ ʧʨʦʩʪʦ ʚʳʧʦʣʥʷʪʴ ʚʳʯʠʩʣʝʥʠʷ ʧʨʷʤʦ ʧʦ ʬʦʨʤʫʣʝ (3.18). 

ʈʘʩʩʤʦʪʨʠʤ ʢʦʜ ʥʘ ʷʟʳʢʝ ʉ#. 

n_sdv ï ʯʠʩʣʦ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ. 

ɺʭʦʜʥʦʡ ʤʘʩʩʠʚ: 

zArray [ k]. array [ i , j ]  ï ʦʙʨʘʱʝʥʠʝ ʢ i, j ʵʣʝʤʝʥʪʫ ʢ ï ʤʘʩʩʠ-

ʚʘ. k ʤʝʥʷʝʪʩʷ ʦʪ  0 ʜʦ n_sdv- 1, i , j  ɠɤ ʣ ɖɠ w1- 1, h1- 1 -  
ʤʘʢʩʠʤʘʣʴʥʦʛʦ ʨʘʟʤʝʨʘ ʤʘʩʩʠʚʘ): 

ɺʳʭʦʜʥʦʡ ʤʘʩʩʠʚ: cmpl. array [ i , j ] .  
fz [ i ]  Ƶ ʤʘʩʩʠʚ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ , i  ʤʝʥʷʝʪʩʷ ʦʪ  0 ʜʦ n_sdv -1. 

 
for  ( int  i = 0; i <  n_sdv; i++)  
      { k_sin[i] = Math.Sin(fz[i]); k_cos[i] = Math.Cos(fz[i]); }  
for  ( int  i = 0; i < w1; i++)  
  {  
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   for  ( int  j = 0; j < h1; j++)  
     {  
       for  ( int  k = 0; k < n_sdv; k++)  
            { i_sdv[k] = zArray[k].array[i, j]; }  
       v_sdv[0]         = i_sdv[1] -  i_sdv[n_sdv -  1];  
       v_sdv[n_sdv -  1] = i_sdv[0] -  i_sdv[n_sdv -  2];  
       for  ( int  k = 1; k < n_sdv -  1; k++)  
               v_sdv[k] = i_sdv[k + 1] -  i_sdv[k -  1];  
       double  fz1 = 0 , fz2 = 0;  
       for  ( int  k = 0; k < n_sdv; k++)  
         { fz1 += v_sdv[k] * k_sin[k]; fz2 += v_sdv[k] * k_cos[k]; }  
       double  faza = Math.Atan2( - fz1, fz2);  
       if  (faza < 0) faza = faza + pi2;  
       cmpl.array[i, j] = faza;  
     }  
}  

 

ɺ ʧʨʠʚʝʜʝʥʥʳʭ ʬʦʨʤʫʣʘʭ ʨʘʩʰʠʬʨʦʚʢʠ ʨʘʟʥʦʩʪʴ ʬʘʟ ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʩ ʧʦʤʦʱʴʶ ʬʫʥʢʮʠʠ arctan. ʈʘʩʩʤʦʪʨʠʤ ʝʝ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ. 

 

3.3 ʈʘʩʰʠʨʝʥʠʝ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ arctan 

ɺ ʬʦʨʤʫʣʘʭ ʨʘʩʰʠʬʨʦʚʢʠ ʠʩʧʦʣʴʟʫʝʪʩʷ ʬʫʥʢʮʠʷ arctan. ʆʙʣʘʩʪʴ 

ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ arctanʦʧʨʝʜʝʣʝʥʘ ʦʪ / 2p-  ʜʦ / 2p  (ʈʠʩ. 3.3)  

 

 
ʈʠʩ.3.3 . ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ arctan( )y x= . 

 

ɸʥʘʣʠʟʠʨʫʷ ʟʥʘʢʠ ʯʠʩʣʠʪʝʣʷ ʠ ʟʥʘʤʝʥʘʪʝʣʷ ʚʳʨʘʞʝʥʠʷ (3.18) ʤʦʞ-

ʥʦ ʨʘʩʰʠʨʠʪʴ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ. ɺʠʜʥʦ, ʯʪʦ ʟʥʘʢ ʯʠʩʣʠʪʝʣʷ ʩʦʚʧʘ-

ʜʘʝʪ ʩʦ ʟʥʘʢʦʤ 4 2sin( )I I- , ʘ ʟʥʘʢ ʟʥʘʤʝʥʘʪʝʣʷ ʩʦ ʟʥʘʢʦʤ 1 3cos( )I I- . 
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ʕʪʦ ʦʪʥʦʩʠʪʩʷ ʢʦ ʚʩʝʤ ʨʘʟʨʝʰʘʶʱʠʤ ʚʳʨʘʞʝʥʠʤ̫ ʵʪʦʛʦ ʨʘʟʜʝʣʘ.  

ɺ ʩʦʚʨʝʤʝʥʥʳʭ ʷʟʳʢʘʭ ʧʨʦʛʨʘʤʤʠʨʦʚʘʥʠʷ ʚʚʦʜʠʪʩʷ ʩʧʝʮʠʘʣʴʥʘʷ 

ʬʫʥʢʮʠʷ ʜʚʫʭ ʘʨʛʫʤʝʥʪʦʚ atan 2( , )y x , ʢʦʪʦʨʘʷ ʨʘʚʥʘ 

arctan 0

arctan 0 0

arctan 0 0
atan 2( , )

0 0
2

0 0
2

0 0

y
if x

x

y
if x and y

x

y
if x and y

y x x

if x and y

if x and y

ʥʝʦʧʨʝʜʝʣʝʥʦ if x and y

p

p

p

p

ë å õ
>æ öî

ç ÷î
î å õ

+ > ²î æ ö
ç ÷î

î å õî - < <æ ö=ì ç ÷
î
î = >
î
î
î- = <
î
î = =í

      .          (3.27) 

ʕʪʘ ʬʫʥʢʮʠʷ ʠʤʝʝʪ ʦʙʣʘʩʪʴ ʜʦʧʫʩʪʠʤʳʭ ʟʥʘʯʝʥʠʡ ( , ]p p- , ʢʦʪʦʨʘʷ 

ʜʦʙʘʚʣʝʥʠʝʤ 2p ʢ ʦʪʨʠʮʘʪʝʣʴʥʳʤ ʟʥʘʯʝʥʠʷʤ ʤʦʞʝʪ ʙʳʪʴ ʦʪʦʙʨʘʞʝʥʘ 

ʥʘ ʦʙʣʘʩʪʴ [0,2 )p . 

 

3.4 ʄʝʪʦʜʳ PSI, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʭʨʦʤʘʪʠʯʝʩʢʦʤ ʨʘʟʜʝ-

ʣʝʥʠʠ ʬʘʟʦʚʳʭ ʩʜʚʠʛʦʚ 

ɺ ʤʝʪʦʜʘʭ PSI ʥʝʦʙʭʦʜʠʤʦ ʧʨʦʝʮʠʨʦʚʘʪʴ ʥʝʩʢʦʣʴʢʦ ʢʘʨʪʠʥ, ʯʪʦ ʥʝ 

ʧʦʟʚʦʣʷʝʪ ʠʟʤʝʨʷʪʴ ʜʠʥʘʤʠʯʝʩʢʠ ʤʝʥʷʶʱʠʝ ʦʙʲʝʢʪʳ. ɼʣʷ ʫʜʘʣʝʥʠʷ 

ʵʪʦʛʦ ʥʝʜʦʩʪʘʪʢʘ ʤʦʞʥʦ ʦʙʲʝʜʠʥʠʪʴ ʥʝʩʢʦʣʴʢʦ ʢʘʨʪʠʥ ʚ ʦʜʥʫ [3].  

ɽʩʣʠ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʣʷ ʚʚʦʜʘ ʠʟʦʙʨʘʞʝʥʠʡ ʢʘʤʝʨʳ ʩ ʮʚʝʪʥʳʤʠ 

ʤʘʪʨʠʮʘʤʠ ʬʦʪʦʧʨʠʝʤʥʠʢʦʚ, ʪʦ ʚʦʟʤʦʞʥʦ ʚʤʝʩʪʦ ʪʨʝʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʳʭ ʢʘʨʪʠʥ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʨʦʝʮʠʨʦʚʘʪʴ ʦʜʥʫ ʮʚʝʪʥʫʶ ʢʘʨʪʠʥʫ, ʚ ʢʦ-

ʪʦʨʦʡ ʙʫʜʝʪ ʩʦʜʝʨʞʘʪʴʩʷ ʪʨʠ ʩʜʚʠʛʘ (ʨʠʩ. 3.4). 

ɽʩʣʠ ʪʘʢʫʶ ʩʠʩʪʝʤʫ ʧʦʣʦʩ ʧʨʦʝʮʠʨʦʚʘʪʴ ʥʘ ʦʙʲʝʢʪ, ʪʦ ʠʟ ʮʚʝʪʥʦʛʦ 

ʤʦʞʥʦ ʚʳʜʝʣʠʪʴ ʪʨʠ ʠʟʦʙʨʘʞʝʥʠʷ ʩ ʟʘʜʘʥʥʳʤʠ ʬʘʟʦʚʳʤʠ ʩʜʚʠʛʘʤʠ. 
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ʈʠʩ.3.4. ʉʚʝʨʭʫ: ʮʚʝʪʥʘʷ ʢʘʨʪʠʥʘ, ʚ ʢʦʪʦʨʦʡ ʢʘʞʜʳʡ ʮʚʝʪ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʩʠʥʫ-

ʩʦʠʜʝ ʩʜʚʠʥʫʪʦʡ ʥʘ 2 / 3p , ʩʥʠʟʫ: ʛʨʘʬʠʢʠ ʧʦ ʦʜʥʦʡ ʩʪʨʦʢʝ.  

 

ʉʭʝʤʘ ʧʨʦʝʢʮʠʦʥʥʦʡ ʠʟʤʝʨʠʪʝʣʴʥʦʡ ʩʠʩʪʝʤʳ ʧʦʢʘʟʘʥʘ ʥʘ ʨʠʩ. 3.5. 

ɻʝʥʝʨʠʨʫʶʪʩʷ ʪʨʠ ʢʘʨʪʠʥʳ ʧʦʣʦʩ ʩ ʠʟʚʝʩʪʥʳʤʠ ʬʘʟʦʚʳʤʠ ʩʜʚʠʛʘʤʠ, 

ʢʦʪʦʨʳʝ ʦʙʲʝʜʠʥʷʶʪʩʷ ʚ ʦʜʥʫ ʮʚʝʪʥʫʶ. ʕʪʦ ʠʟʦʙʨʘʞʝʥʠʝ ʧʨʦʝʮʠʨʫʝʪ-

ʩʷ ʥʘ ʦʙʲʝʢʪ. ʎʚʝʪʥʦʝ ʠʟʦʙʨʘʞʝʥʠʝ ʠʩʢʘʞʝʥʥʳʭ ʧʦʣʦʩ ʚʚʦʜʠʪʩʷ ʚ ʢʦʤ-

ʧʴʶʪʝʨ. ʀʟ ʥʝʛʦ ʚʦʩʩʪʘʥʘʚʣʠʚʘʝʪʩʷ ʪʨʠ ʠʟʦʙʨʘʞʝʥʠʷ. ʇʦ ʘʣʛʦʨʠʪʤʫ 

(3.3) ʚʦʩʩʪʘʥʘʚʣʠʚʘʝʪʩʷ ʨʘʟʥʦʩʪʴ ʬʘʟ. ɿʘʪʝʤ ʫʩʪʨʘʥʷʝʪʩʷ ʬʘʟʦʚʘʷ ʥʝʦʜ-

ʥʦʟʥʘʯʥʦʩʪʴ ʠ ʥʘʢʣʘʜʳʚʘʝʪʩʷ ʪʝʢʩʪʫʨʘ, ʧʦʣʫʯʝʥʥʘʷ ʠʟ ʦʙʳʯʥʦʡ ʬʦʪʦ-

ʛʨʘʬʠʠ ʦʙʲʝʢʪʘ.  

 

 
ʈʠʩ. 3.5. ʉʭʝʤʘ ʠʟʤʝʨʠʪʝʣʴʥʦʡ ʩʠʩʪʝʤʳ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ 3D ʤʦʜʝʣʠ 

 

ʅʘ ʨʠʩ. 3.6 ʧʦʢʘʟʘʥ rʦʩʥʦʚʥʳʝ ʵʪʘʧʳ ʧʦʩʪʨʦʝʥʠʷ ʧʨʦʬʠʣʷ 3D ʤʦ-

ʜʝʣʠ ʤʝʪʦʜʦʤ ʭʨʦʤʘʪʠʯʝʩʢʦʛʦ ʨʘʟʜʝʣʝʥʠʷ ʩʜʚʠʛʦʚ.  
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ʆʩʥʦʚʥʳʤ ʜʦʩʪʦʠʥʩʪʚʦʤ ʤʝʪʦʜʘ PSI ʷʚʣʷʝʪʩʷ ʚʳʩʦʢʘʷ ʪʦʯʥʦʩʪʴ 

ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʟʥʦʩʪʠ ʬʘʟ. ʆʮʝʥʢʠ ʧʦʢʘʟʳʚʘʪʁ, ʯʪʦ ʧʦʛʨʝʰʥʦʩʪʴ ʤʝ-

ʪʦʜʘ ʤʦʞʝʪ ʜʦʩʪʠʛʘʪʴ ʪʳʩʷʯʥʦʡ ʜʦʣʠ ʰʠʨʠʥʳ ʧʦʣʦʩʳ. ʅʘʧʨʠʤʝʨ, ʝʩʣʠ 

ʰʠʨʠʥʘ ʧʦʣʦʩʳ 10 ʤʤ, ʪʦ ʧʦʛʨʝʰʥʦʩʪʴ ʠʟʤʝʨʝʥʠʡ ʤʦʞʝʪ ʙʳʪʴ ʤʝʥʝʝ 

50 ʤʢʤ (1/200 ʯʘʩʪʴ ʧʦʣʦʩʳ). ʕʪʦ ʟʥʘʯʠʪʝʣʴʥʦ ʣʫʯʰʝ, ʯʝʤ ʚ ʤʝʪʦʜʘʭ, 

ʦʩʥʦʚʘʥʥʳʭ ʥʘ ʘʥʘʣʠʟʝ ʦʪʢʣʦʥʝʥʠʡ ʪʦʯʝʢ ʦʪ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʧʦʣʦʞʝ-

ʥʠʷ (ʤʝʪʦʜʳ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ). 

 

                
              ʘ                                        ʙ                                       ʚ 

                     
                      ʛ                                                            ʜ 
ʈʠʩ. 3.6. ʕʪʘʧʳ ʧʦʩʪʨʦʝʥʠʷ ʧʨʦʬʠʣʷ ʧʦʚʝʨʭʥʦʩʪʠ ʤʝʪʦʜʦʤ ʭʨʦʤʘʪʠʯʝʩʢʦʛʦ 

ʨʘʟʜʝʣʝʥʠʷ ʩʜʚʠʛʦʚ. (ʘ ï ʧʨʦʝʮʠʨʫʝʤʳʝ ʧʦʣʦʩʳ, ʙ ï ʧʦʣʦʩʳ, ʩʧʨʦʝʮʠʨʦʚʘʥʥʳʝ 

ʥʘ ʦʙʲʝʢʪ, ʚ - ʚʦʩʩʪʘʥʦʚʣʝʥʥʦʝ ʬʘʟʦʚʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʙʝʟ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ 

ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ, ʛ ï ʧʦʩʣʝ ʫʩʪʨʘʥʝʥʠʷ, ʜ ï ʥʘʣʦʞʝʥʠʝ ʪʝʢʩʪʫʨʳ).  

 

ʅʝʜʦʩʪʘʪʢʠ ʤʝʪʦʜʘ PSI: 

- ʅʝʦʙʭʦʜʠʤʦ ʧʨʦʝʮʠʨʦʚʘʪʴ ʥʝʩʢʦʣʴʢʦ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʢʘʨʪʠʥ. 

- ʅʝʦʙʭʦʜʠʤʦ ʧʨʦʝʮʠʨʦʚʘʪʴ ʧʦʣʦʩʳ, ʢʦʪʦʨʳʝ ʠʤʝʶʪ ʩʠʥʫʩʦʠʜʘʣʴ-

ʥʦʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝ. ɺ ʨʝʘʣʴʥʦʤ ʩʣʫʯʘʝ ʧʨʦʝʢʮʠʦʥʥʘʷ ʩʠʩʪʝʤʘ ʠ 

ʫʩʪʨʦʡʩʪʚʦ ʚʚʦʜʘ ʢʘʨʪʠʥ ʚʥʦʩʷʪ ʩʫʱʝʩʪʚʝʥʥʳʝ ʠʩʢʘʞʝʥʠʷ, ʢʦʪʦ-

ʨʳʝ ʧʨʠʚʦʜʷʪ ʢ ʠʩʢʘʞʝʥʠʷʤ ʧʨʠ ʦʧʨʝʜʝʣʝʥʠʠ ʨʘʟʥʦʩʪʠ ʬʘʟ. 
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- ʅʝʦʙʭʦʜʠʤʦ ʫʩʪʨʘʥʷʪʴ ʬʘʟʦʚʫʶ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʴ. 

 

ʆʩʥʦʚʥʳʝ ʧʦʛʨʝʰʥʦʩʪʠ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʤʝʪʦʜʘ PSI ʟʘʚʠʩʷʪ ʦʪ 

ʧʘʨʘʤʝʪʨʦʚ ʧʨʦʝʮʠʨʦʚʘʥʥʦʡ ʢʘʨʪʠʥʳ. ɽʩʣʠ ʧʦʣʦʩʳ ʦʪʣʠʯʘʶʪʩʷ ʦʪ ʩʠ-

ʥʫʩʦʠʜʘʣʴʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ, ʚʦʟʥʠʢʘʝʪ ʬʘʟʦʚʘʷ ʦʰʠʙʢʘ. ɺ ʩʣʝʜʫʶ-

ʱʝʤ ʨʘʟʜʝʣʝ ʦʧʠʩʘʥʳ ʤʝʪʦʜʳ ʧʨʦʝʮʠʨʦʚʘʥʠʷ, ʢʦʪʦʨʳʝ ʧʦʟʚʦʣʷʪ ʠʟʙʝ-

ʞʘʪʴ ʥʝʣʠʥʝʡʥʳʭ ʠʩʢʘʞʝʥʠʡ ʧʨʠ ʧʨʦʝʮʠʨʦʚʘʥʠʠ ʧʦʣʦʩ. 

4. ʋʉʊʈɸʅɽʅʀɽ ʅɽʃʀʅɽʁʅʓʍ ʀʉʂɸɾɽʅʀʁ  

 

ʇʨʠ ʧʨʦʝʮʠʨʦʚʘʥʠʠ ʩʠʥʫʩʦʠʜʘʣʴʥʦʡ ʢʘʨʪʠʥʳ ʚʦʟʥʠʢʘʶʪ ʠʩʢʘʞʝ-

ʥʠʷ, ʩʚʷʟʘʥʥʳʝ ʩ ʥʝʣʠʥʝʡʥʦʩʪʴʶ ʦʪʦʙʨʘʞʝʥʠʷ ʠʥʪʝʥʩʠʚʥʦʩʪʠ ʧʨʦʝʢʪʦ-

ʨʦʤ. ʕʪʦʪ ʪʠʧ ʠʩʢʘʞʝʥʠʡ ʥʘʟʳʚʘʶʪ ʛʘʤʤʘ ʠʩʢʘʞʝʥʠʷʤʠ. ɻʘʤʤʘ ʠʩʢʘ-

ʞʝʥʠʷ ʚʦʟʥʠʢʘʶʪ ʪʘʢʞʝ ʧʨʠ ʨʝʛʠʩʪʨʘʮʠʠ ʠʟʦʙʨʘʞʝʥʠʡ ʮʠʬʨʦʚʳʤʠ ʢʘ-

ʤʝʨʘʤʠ, ʚ ʢʦʪʦʨʳʭ ʵʪʠ ʠʩʢʘʞʝʥʠʷ ʚʥʦʩʷʪʩʷ ʩʧʝʮʠʘʣʴʥʦ ʜʣʷ ʪʦʛʦ, ʯʪʦʙʳ 

ʩʚʝʪʦʧʝʨʝʜʘʯʘ ʩʦʦʪʚʝʪʩʪʚʦʚʘʣʘ ʯʝʣʦʚʝʯʝʩʢʦʤʫ ʚʦʩʧʨʠʷʪʠʶ. 

ʉʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʛʘʤʤʘ ʢʦʨʨʝʢʮʠʷ - ʢʦʨʨʝʢʮʠʷ ʥʝʣʠʥʝʡʥʦʩʪʠ ʧʝ-

ʨʝʜʘʯʠ ʫʨʦʚʥʝʡ ʷʨʢʦʩʪʠ. ʎʝʣʴ ʛʘʤʤʘ ʢʦʨʨʝʢʮʠʠ ï ʦʪʢʦʨʨʝʢʪʠʨʦʚʘʪʴ 

ʚʭʦʜʥʳʝ ʫʨʦʚʥʠ ʷʨʢʦʩʪʠ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦʙʳ ʢʘʤʝʨʘ ʚʦʩʧʨʠʥʠʤʘʣʘ 

ʵʪʠ ʫʨʦʚʥʠ ʣʠʥʝʡʥʦ. ʇʨʦʬʝʩʩʠʦʥʘʣʴʥʳʝ ʧʨʦʝʢʪʦʨʳ ʠʤʝʶʪ ʩʧʝʮʠʘʣʴ-

ʥʳʡ ʙʣʦʢ ʢʦʨʨʝʢʮʠʠ ʧʦʣʫʪʦʥʦʚʳʭ ʠʩʢʘʞʝʥʠʡ, ʢʦʪʦʨʳʡ ʤʦʞʝʪ ʫʧʨʘʚ-

ʣʷʪʴʩʷ ʧʨʦʛʨʘʤʤʥʦ. ɺ ʪʨʘʢʪʘʭ ʧʝʨʝʜʘʯʠ ʮʚʝʪʥʦʛʦ ʠʟʦʙʨʘʞʝʥʠʷ ʛʘʤʤʘ-

ʢʦʨʨʝʢʮʠʷ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʚ ʢʘʞʜʦʤ ʠʟ ʪʨʝʭ ʢʘʥʘʣʦʚ ʦʩʥʦʚʥʳʭ ʮʚʝʪʦʚ. 

ʆʜʥʘʢʦ ʙʦʣʴʰʠʥʩʪʚʦ ʧʨʦʝʢʪʦʨʦʚ ʪʘʢʦʡ ʚʦʟʤʦʞʥʦʩʪʠ ʥʝ ʠʤʝʶʪ. ʇʦ-

ʵʪʦʤʫ ʥʝʦʙʭʦʜʠʤʦ ʨʘʩʩʤʦʪʨʝʪʴ ʩʧʝʮʠʘʣʴʥʳʝ ʤʝʪʦʜʳ ʩʥʠʞʝʥʠʷ ʥʝʣʠ-

ʥʝʡʥʳʭ ʠʩʢʘʞʝʥʠʡ. 

ɺ ʢʘʯʝʩʪʚʝ ʧʝʨʝʜʘʪʦʯʥʦʡ ʬʫʥʢʮʠʠ ʧʨʠ ʥʝʣʠʥʝʡʥʳʭ ʠʩʢʘʞʝʥʠʷʭ 

ʯʘʱʝ ʚʩʝʛʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʩʪʝʧʝʥʥʘʷ ʬʫʥʢʮʠʷ ʚ ʚʠʜʝ 

( , ) ( , )resI x y a I x y g= Ö   .        (4.1) 

ʇʨʠ ʨʘʚʝʥʩʪʚʝ g ʝʜʠʥʠʮʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʝʨʝʜʘʯʠ ʧʦʣʫʪʦʥʦʚ ʣʠʥʝʡ-

ʥʘ. 

ɺ ʵʪʦʤ ʨʘʟʜʝʣʝ ʨʘʩʩʤʦʪʨʠʤ, ʢʘʢ ʥʝʣʠʥʝʡʥʦʩʪʴ ʧʝʨʝʜʘʯʠ ʠʥʪʝʥʩʠʚ-

ʥʦʩʪʠ ʚʣʠʷʝʪ ʥʘ ʠʩʢʘʞʝʥʠʝ ʬʘʟʦʚʦʡ ʢʘʨʪʠʥʳ. 

4.1. ʂʈʀʊɽʈʀʁ ʅɸʃʀʏʀʗ ʅɽʃʀʅɽʁʅʓʍ ʀʉʂɸɾɽʅʀʁ  
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ʅʘ ʨʠʩ. 4.1  ʠ ʨʠʩ. 4.2 ʧʦʢʘʟʘʥ ʨʝʟʫʣʴʪʘʪ ʨʘʩʰʠʬʨʦʚʢʠ ʧʨʠ ʧʨʦʝʢ-

ʮʠʠ ʠʜʝʘʣʴʥʦʡ ʩʠʥʫʩʦʠʜʳ. ʂʦʵʬʬʠʮʠʝʥʪ ʛʘʤʤʘ ʠʩʢʘʞʝʥʠʡ g ʨʘʚʝʥ 

ʝʜʠʥʠʮʝ.  
 

 
 

 

 

 

 
   

ʈʠʩ.4.1. ʌʦʨʤʠʨʦʚʘʥʠʝ ʠʜʝʘʣʴʥʳʭ ʩʠʥʫʩʦʠʜ. 

 

ʅʘ ʨʠʩ. 4.1 ʧʦʢʘʟʘʥʳ 4 ʩʠʥʫʩʦʠʜʳ ʩ ʬʘʟʦʚʳʤ ʩʜʚʠʛʦʤ 

0 ,90 ,180 ,270 ʠ ʠʭ ʛʨʘʬʠʢʠ ʧʦ ʩʪʨʦʢʝ. ʅʘ ʨʠʩ. 4.2  ʧʦʢʘʟʘʥʦ ʧʦʣʝ 

ʬʘʟ, ʧʦʣʫʯʝʥʥʦʝ ʚ ʨʝʟʫʣʴʪʘʪʝ ʨʘʩʰʠʬʨʦʚʢʠ ʧʦ ʬʦʨʤʫʣʝ (3.18):ʠ ʛʨʘʬʠʢ 

ʧʦ ʩʪʨʦʢʝ. 

ɺʳʨʘʞʝʥʠʝ (3.18) ʙʳʣʦ ʧʦʣʫʯʝʥʦ ʠʟ (3.16)  

 

sin
arctan

cos

I S X

YI C

dj
dj

dj

^

^

å õÖ
= - = =æ ö

Öç ÷
  .    (4.2) 

ɺʠʜʥʦ, ʯʪʦ ʯʠʩʣʠʪʝʣʴ ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʵʪʦʡ ʬʫʥʢʮʠʠ ʩʦʦʪʚʝʪʩʪʚʫʶʪ 

sindj ʠ cosdj. 
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ʈʠʩ.4.2. ʈʘʩʰʠʬʨʦʚʢʘ ʧʦ ʠʜʝʘʣʴʥʳʤ ʩʠʥʫʩʦʠʜʘʤ. 

 

ɽʩʣʠ ʦʪʣʦʞʠʪʴ ʟʥʘʯʝʥʠʷ ʯʠʩʣʠʪʝʣʷ  ʠ ʟʥʘʤʝʥʘʪʝʣʷ ʚ ʚʳʨʘʞʝʥʠʠ 

(4.2) ʧʦ ʦʩʷʤ X  ʠ Y, ʪʦ ʜʣʷ ʠʜʝʘʣʴʥʳʭ ʩʠʥʫʩʦʠʜ ʧʦʣʫʯʠʤ ʢʨʫʛ 
(ʨʠʩ.4.3). 

 
ʈʠʩ.4.3. ɿʥʘʯʝʥʠʷ ʯʠʩʣʠʪʝʣʷ ʠ ʟʥʘʤʝʥʘʪʝʣʷ ʦʧʨʝʜʝʣʝʥʥʳʝ ʧʦ ʚʳʨʘʞʝʥʠʶ (4.2) 

ʜʣʷ ʠʜʝʘʣʴʥʳʭ ʩʠʥʫʩʦʠʜ, ʦʪʣʦʞʝʥʥʳʝ ʧʦ ʦʩʷʤ X  ʠ Y . 

 

ɿʘʜʘʜʠʤ ʢʦʵʬʬʠʮʠʝʥʪ ʛʘʤʤʘ ʠʩʢʘʞʝʥʠʡ 3g= . ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʠʟʤʝ-

ʥʠʪʩʷ ʧʨʦʬʠʣʴ ʧʦʣʦʩ (ʈʠʩ. 4.4). ʀʩʢʘʞʝʥʠʷ ʧʨʦʬʠʣʷ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʧʦʣʦʩ ʧʨʠʚʝʜʝʪ ʢ ʠʩʢʘʞʝʥʠʶ ʚʦʩʩʪʘʥʦʚʣʝʥʥʦʡ ʨʘʟʥʦʩʪʠ ʬʘʟ (ʨʠʩ. 4.5). 
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ʈʠʩ.4.4. ʉʠʥʫʩʦʠʜʘ ʩ ʢʦʵʬʬʠʮʠʝʥʪʦʤ 3g= . 

 

ʅʘ ʨʠʩ. 4.5 ʧʦʢʘʟʘʥʦ ʧʦʣʝ ʨʘʟʥʦʩʪʝʡ ʬʘʟ. ʆʜʥʘʢʦ ʦʧʨʝʜʝʣʠʪʴ ʷʚʣʷʝʪʩʷ 

ʵʪʦ ʨʝʟʫʣʴʪʘʪʦʤ ʠʩʢʘʞʝʥʠʡ ʥʝʚʦʟʤʦʞʥʦ. 
 

 
 

   

ʈʠʩ.4.5. ʌʘʟʦʚʳʝ ʟʥʘʯʝʥʠʷ, ʚʦʩʩʪʘʥʦʚʣʝʥʥʳʝ ʧʦ ʩʠʥʫʩʦʠʜʘʤ ʩ ʢʦʵʬʬʠʮʠʝʥʪʦʤ 

ʛʘʤʤʘ ʠʩʢʘʞʝʥʠʡ 3g= . 

 

ʇʨʦʢʦʥʪʨʦʣʠʨʦʚʘʪʴ ʢʘʯʝʩʪʚʦ ʧʦʣʦʩ ʤʦʞʥʦ ʩ ʧʦʤʦʱʴʶ ʢʘʨʪʠʥʳ ʠʩʢʘ-

ʞʝʥʠʷ ʢʨʫʛʘ (ʬʠʛʫʨʳ ʃʠʩʩʘʞʫ) ʦʪ ʠʜʝʘʣʴʥʦʛʦ ʢʨʫʛʘ (ʨʠʩ.4.6) 

 

 
ʈʠʩ.4.6. ɿʥʘʯʝʥʠʷ ʯʠʩʣʠʪʝʣʷ ʠ ʟʥʘʤʝʥʘʪʝʣʷ (4.2), ʦʪʣʦʞʝʥʥʳʝ ʧʦ ʦʩʷʤ X  ʠ Y  

ʜʣʷ ʩʠʥʫʩʦʠʜ ʩ ʢʦʵʬʬʠʮʠʝʥʪʦʤ 3g= . 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩ ʧʦʤʦʱʴʶ ʵʪʦʛʦ ʧʨʦʩʪʦʛʦ ʢʨʠʪʝʨʠʷ ʤʦʞʥʦ ʢʦʥ-

ʪʨʦʣʠʨʦʚʘʪʴ ʢʘʯʝʩʪʚʦ ʧʦʣʦʩ, ʘ ʪʘʢʞʝ ʚʦʟʤʦʞʥʳʝ ʠʩʢʘʞʝʥʠʷ ʚʦʩʩʪʘʥʦʚ-

ʣʝʥʥʳʭ ʬʘʟʦʚʳʭ ʟʥʘʯʝʥʠʡ ʧʨʠ ʥʝʣʠʥʝʡʥʳʭ ʠʩʢʘʞʝʥʠʷʭ ʧʨʦʝʮʠʨʫʝʤʦʡ 

ʩʠʥʫʩʦʠʜʘʣʴʥʦʡ ʢʘʨʪʠʥʳ. 

4.2. ʋʉʊʈɸʅɽʅʀɽ ʅɽʃʀʅɽʁʅʓʍ ʀʉʂɸɾɽʅʀʁ ʈɸʉʌʆʂʋ-

ʉʀʈʆɺʂʆʁ ʇʈʆɽʂʊʆʈɸ  

 

ʅʘʠʙʦʣʝʝ ʧʨʦʩʪʦʡ ʩʧʦʩʦʙ ʫʩʪʨʘʥʝʥʠʷ ʥʝʣʠʥʝʡʥʦʩʪʠ ʧʝʨʝʜʘʪʦʯʥʦʡ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʩʠʩʪʝʤʳ ʧʨʦʝʢʪʦʨïʢʘʤʝʨʘ ʦʩʥʦʚʘʥ ʥʘ ʧʝʨʝʜʘʯʝ ʪʦʣʴʢʦ 

ʜʚʫʭ ʫʨʦʚʥʝʡ ʠʥʪʝʥʩʠʚʥʦʩʪʠ ï ʙʝʣʦʛʦ ʠ ʯʝʨʥʦʛʦ (ʨʠʩ.4.7).  

 

 
 

   

 

 

ʈʠʩ.4.7. ʂʘʨʪʠʥʘ ʯʝʨʥʦ-ʙʝʣʳʭ ʧʦʣʦʩ. ʉʧʨʘʚʘ ʛʨʘʬʠʢ ʧʦ ʩʪʨʦʢʝ. 

 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʜʣʷ ʬʦʨʤʠʨʦʚʘʥʠʷ ʩʠʥʫʩʦʠʜʘʣʴʥʦʡ ʢʘʨʪʠʥʳ ʠʩ-

ʧʦʣʴʟʫʝʪʩʷ ʨʘʩʬʦʢʫʩʠʨʦʚʢʘ ʠʟʦʙʨʘʞʝʥʠʷ ʩ ʧʦʤʦʱʴʶ ʦʧʪʠʯʝʩʢʦʛʦ ʦʙʲ-

ʝʢʪʠʚʘ (ʨʠʩ. 4.8). ʂʘʯʝʩʪʚʦ ʧʦʣʦʩ ʤʦʞʥʦ ʢʦʥʪʨʦʣʠʨʦʚʘʪʴ ʧʦ ʬʠʛʫʨʘʤ 

ʃʠʩʩʘʞʫ. 
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ʈʠʩ.4.8. ʈʘʟʥʳʝ ʫʨʦʚʥʠ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ (ʩʚʝʨʭʫ). ʉʥʠʟʫ: ʬʠʛʫʨ rʃʠʩʩʘʞʫ, 

ʧʦʣʫʯʝʥʥʳʝ ʧʦ 4 ʩʠʥʫʩʦʠʜʘʤ. 

 

ɺʠʜʥʦ, ʯʪʦ ʜʘʞʝ ʧʨʠ ʙʦʣʴʰʦʤ ʫʨʦʚʥʝ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ ʥʝʣʠʥʝʡʥʦʩʪʴ 

ʧʦʣʥʦʩʪʴʶ ʫʩʪʨʘʥʠʪ ʥʝʣʴʟʷ. 

ʂ ʥʝʜʦʩʪʘʪʢʘʤ ʵʪʦʛʦ ʤʝʪʦʜʘ ʤʦʞʥʦ ʦʪʥʝʩʪʠ:  

- ʥʝʦʙʭʦʜʠʤʦ ʚʳʙʠʨʘʪʴ ʦʯʝʥʴ ʙʦʣʴʰʦʡ ʫʨʦʚʝʥʴ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ; 

- ʥʝʦʙʭʦʜʠʤʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʦʙʲʝʢʪʠʚ, ʢʦʪʦʨʳʡ ʦʙʝʩʧʝʯʠʚʘʝʪ ʫʨʦ-

ʚʝʥʴ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ ʧʦ ʦʩʠ z ʧʦʩʪʦʷʥʥʳʤ; 

- ʩ ʫʚʝʣʠʯʝʥʠʝʤ ʫʨʦʚʥʷ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ ʧʘʜʘʝʪ ʨʘʟʤʘʭ ʘʤʧʣʠʪʫʜʳ 

ʩʠʛʥʘʣʘ; 

- ʥʝʚʦʟʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʭʨʦʤʘʪʠʯʝʩʢʦʝ ʨʘʟʜʝʣʝʥʠʝ ʩʜʚʠʛʦʚ. 

 

ʃʫʯʰʠʝ ʨʝʟʫʣʴʪʘʪʳ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ, ʠʩʧʦʣʴʟʫʷ ʢʦʤʙʠʥʘʮʠʶ 

ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʧʦʣʫʪʦʥʦʚʳʭ ʠʟʦʙʨʘʞʝʥʠʡ ʩ ʧʦʤʦʱʴʶ ʯʝʨʥʦ-ʙʝʣʳʭ 

ʛʨʘʜʘʮʠʡ ʠ ʥʝʙʦʣʴʰʦʡ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ. 

4.3. ʋʉʊʈɸʅɽʅʀɽ ʅɽʃʀʅɽʁʅʓʍ ʀʉʂɸɾɽʅʀʁ ʉ ʇʆʄʆ-

ʑʔʖ ɼʀɿɽʈʀʅɻɸ 
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ɽʩʣʠ ʛʨʘʬʠʯʝʩʢʦʝ ʫʩʪʨʦʡʩʪʚʦ ʥʝ ʩʧʦʩʦʙʥʦ ʚʦʩʩʦʟʜʘʚʘʪʴ ʜʦʩʪʘʪʦʯ-

ʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʮʚʝʪʦʚ, ʪʦʛʜʘ ʠʩʧʦʣʴʟʫʶʪ ʨʘʩʪʨʠʨʦʚʘʥʠʝ. ɺ ʧʦʣʠʛʨʘ-

ʬʠʠ ʨʘʩʪʨʠʨʦʚʘʥʠʝ ʠʩʧʦʣʴʟʦʚʘʣʦʩʴ ʫʞʝ ʥʝʩʢʦʣʴʢʦ ʩʪʦʣʝʪʠʡ ʪʦʤʫ ʥʘʟʘʜ 

ʜʣʷ ʧʝʯʘʪʠ ʛʨʘʚʶʨ. ɺ ʛʨʘʚʶʨʘʭ ʠʟʦʙʨʘʞʝʥʠʝ ʩʦʟʜʘʝʪʩʷ ʤʥʦʛʠʤʠ ʰʪʨʠ-

ʭʘʤʠ, ʧʨʠʯʝʤ ʧʦʣʫʪʦʥʦʚʳʝ ʛʨʘʜʘʮʠʠ ʧʨʝʜʩʪʘʚʣʷʶʪʩʷ ʠʣʠ ʰʪʨʠʭʘʤʠ 

ʨʘʟʥʦʡ ʪʦʣʱʠʥʳ ʥʘ ʦʜʠʥʘʢʦʚʦʤ ʨʘʩʩʪʦʷʥʠʠ, ʠʣʠ ʰʪʨʠʭʘʤʠ ʦʜʠʥʘʢʦ-

ʚʦʡ ʪʦʣʱʠʥʳ ʩ ʧʝʨʝʤʝʥʥʦʡ ʛʫʩʪʦʪʦʡ ʨʘʩʧʦʣʦʞʝʥʠʷ. ʊʘʢʠʝ ʩʧʦʩʦʙʳ 

ʠʩʧʦʣʴʟʫʶʪ ʦʩʦʙʝʥʥʦʩʪʠ ʯʝʣʦʚʝʯʝʩʢʦʛʦ ʟʨʝʥʠʷ ʠ ʚ ʧʝʨʚʫʶ ʦʯʝʨʝʜʴ ð 

ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʫʶ ʠʥʪʝʛʨʘʮʠʶ. ɽʩʣʠ ʜʦʩʪʘʪʦʯʥʦ ʙʣʠʟʢʦ ʨʘʩʧʦʣʦʞʠʪʴ 

ʤʘʣʝʥʴʢʠʝ ʪʦʯʢʠ ʨʘʟʥʳʭ ʮʚʝʪʦʚ, ʪʦ ʦʥʠ ʙʫʜʫʪ ʚʦʩʧʨʠʥʠʤʘʪʴʩʷ ʢʘʢ ʦʜʥʘ 

ʪʦʯʢʘ ʩ ʥʝʢʦʪʦʨʳʤ ʫʩʨʝʜʥʝʥʥʳʤ ʮʚʝʪʦʤ. ɽʩʣʠ ʥʘ ʧʣʦʩʢʦʩʪʠ ʛʫʩʪʦ ʨʘʩ-

ʧʦʣʦʞʠʪʴ ʤʥʦʛʦ ʤʘʣʝʥʴʢʠʭ ʨʘʟʥʦʮʚʝʪʥʳʭ ʪʦʯʝʢ, ʪʦ ʙʫʜʝʪ ʩʦʟʜʘʥʘ ʚʠ-

ʟʫʘʣʴʥʘʷ ʠʣʣʶʟʠʷ ʟʘʢʨʘʰʠʚʘʥʠʷ ʧʣʦʩʢʦʩʪʠ ʦʧʨʝʜʝʣʝʥʥʳʤ ʫʩʨʝʜʥʝʥ-

ʥʳʤ ʮʚʝʪʦʤ.  

ɺ ʢʦʤʧʴʶʪʝʨʥʳʭ ʛʨʘʬʠʯʝʩʢʠʭ ʩʠʩʪʝʤʘʭ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʶʪ ʵʪʠ ʤʝ-

ʪʦʜʳ. ʆʥʠ ʧʦʟʚʦʣʷʶʪ ʫʚʝʣʠʯʠʪʴ ʢʦʣʠʯʝʩʪʚʦ ʦʪʪʝʥʢʦʚ ʮʚʝʪʦʚ ʟʘ ʩʯʝʪ 

ʩʥʠʞʝʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʛʦ ʨʘʟʨʝʰʝʥʠʷ ʨʘʩʪʨʦʚʦʛʦ ʠʟʦʙʨʘʞʝʥʠʷ. 

ʀʥʘʯʝ ʛʦʚʦʨʷ ð ʵʪʦ ʦʙʤʝʥ ʨʘʟʨʝʰʘʶʱʝʡ ʩʧʦʩʦʙʥʦʩʪʠ ʥʘ ʢʦʣʠʯʝʩʪʚʦ 

ʮʚʝʪʦʚ. ɺ ʣʠʪʝʨʘʪʫʨʝ ʧʦ ʢʦʤʧʴʶʪʝʨʥʦʡ ʛʨʘʬʠʢʝ ʪʘʢʦʡ ʤʝʪʦʜ ʨʘʩʪʨʠʨʦ-

ʚʘʥʠʷ ʧʦʣʫʯʠʣʠ ʥʘʟʚʘʥʠʝ dithering (ʨʘʟʨʝʞʝʥʠʝ, ʜʨʦʞʘʥʠʝ). 

ʇʝʨʚʦʥʘʯʘʣʴʥʦ ʦʥ ʠʩʧʦʣʴʟʦʚʘʣʩʷ ʧʨʠ ʠʟʛʦʪʦʚʣʝʥʠʠ ʰʝʣʢʦʚʳʭ 

ʢʘʨʪʠʥ ʠ ʜʨʫʛʠʭ ʪʝʢʩʪʠʣʴʥʳʭ ʠʟʜʝʣʠʡ. ɺ 1880 ʛ. ʉʪʝʬʘʥʦʤ ʍʘʛʝʥʦʤ 

ʙʳʣʘ ʠʟʦʙʨʝʪʝʥʘ ʧʦʣʫʪʦʥʦʚʘʷ ʧʝʯʘʪʴ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʯʠʩʪʦ ʜʚʫʭ-

ʫʨʦʚʥʝʚʦʡ ʩʨʝʜ:r ʯʝʨʥʦʡ ʢʨʘʩʢʠ ʥʘ ʙʝʣʦʡ ʙʫʤʘʛʝ. ʈʘʟʤʝʨ ʢʣʝʪʢʠ ʚʘʨʴ-

ʠʨʫʝʪʩʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʤʝʣʢʦʟʝʨʥʠʩʪʦʩʪʠ ʨʝʰʝʪʢʠ ʠ ʜʣʠʪʝʣʴʥʦʩʪʠ 

ʵʢʩʧʦʟʠʮʠʠ. ɼʣʷ ʛʘʟʝʪʥʳʭ ʬʦʪʦʛʨʘʬʠʡ ʠʟ-ʟʘ ʥʠʟʢʦʛʦ ʢʘʯʝʩʪʚʘ ʙʫʤʘʛʠ 

ʧʨʠʤʝʥʷʶʪʩʷ ʨʝʰʝʪʢʠ ʦʪ 50 ʜʦ 90 ʪʦʯʝʢ ʥʘ ʜʶʡʤ. ɹʫʤʘʛʘ ʙʦʣʝʝ ʚʳʩʦ-

ʢʦʛʦ ʢʘʯʝʩʪʚʘ, ʧʨʝʜʥʘʟʥʘʯʝʥʥʘʷ ʜʣʷ ʢʥʠʛ ʠ ʞʫʨʥʘʣʦʚ, ʧʦʟʚʦʣʷʝʪ ʠʩ-

ʧʦʣʴʟʦʚʘʪʴ ʨʝʰʝʪʢʠ ʩ ʢʦʣʠʯʝʩʪʚʦʤ ʪʦʯʝʢ ʦʪ 100 ʜʦ 300 ʥʘ ʜʶʡʤ.  

ɺʠʟʫʘʣʴʥʦʝ ʨʘʟʨʝʰʝʥʠʝ ʤʘʰʠʥʥʦ-ʩʛʝʥʝʨʠʨʦʚʘʥʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ 

ʤʦʞʥʦ ʫʣʫʯʰʠʪʴ ʩ ʧʦʤʦʱʴʶ ʤʝʪʦʜʘ, ʥʘʟʳʚʘʝʤʦʛʦ ʢʦʥʬʠʛʫʨʠʨʦʚʘʥʠ-

ʝʤ. ɺ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʩʪʴ ʧʦʣʫʪʦʥʦʚʦʡ ʧʝʯʘʪʠ, ʚ ʢʦʪʦʨʦʡ ʠʩʧʦʣʴʟʫʶʪ-

ʩʷ ʧʝʨʝʤʝʥʥʳʝ ʨʘʟʤʝʨʳ ʢʣʝʪʦʢ, ʚ ʜʘʥʥʦʤ ʤʝʪʦʜʝ ʦʙʳʯʥʦ ʨʘʟʤʝʨʳ ʢʣʝ-

ʪʦʢ ʬʠʢʩʠʨʦʚʘʥʳ. ɼʣʷ ʠʟʦʙʨʘʞʝʥʠʷ ʩ ʬʠʢʩʠʨʦʚʘʥʥʳʤ ʨʘʟʨʝʰʝʥʠʝʤ 

ʥʝʩʢʦʣʴʢʦ ʧʠʢʩʝʣʦʚ ʦʙʲʝʜʠʥʷʶʪʩʷ ʚ ʢʦʥʬʠʛʫʨʘʮʠʠ. ʅʘ ʨʠʩ. 4.9 ʧʦʢʘ-

ʟʘʥʘ ʦʜʥʘ ʠʟ ʚʦʟʤʦʞʥʳʭ ʛʨʫʧʧ ʢʦʥʬʠʛʫʨʘʮʠʡ ʜʣʷ ʜʚʫʭʫʨʦʚʥʝʚʦʛʦ ʯʝʨ-
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ʥʦ-ʙʝʣʦʛʦ ʜʠʩʧʣʝʷ. ɼʣʷ ʢʘʞʜʦʡ ʢʣʝʪʢʠ ʠʩʧʦʣʴʟʫʝʪʩʷ ʯʝʪʳʨʝ ʧʠʢʩʝʣʘ. 

ʇʨʠ ʪʘʢʦʡ ʦʨʛʘʥʠʟʘʮʠʠ ʥʘʙʦʨʘ ʧʠʢʩʝʣʝʡ ʧʦʣʫʯʘʝʪʩʷ ʧʷʪʴ ʚʦʟʤʦʞʥʳʭ 

ʫʨʦʚʥʝʡ ʠʣʠ ʪʦʥʦʚ ʩʝʨʦʛʦ (0-4). 

 

 
 

ʈʠʩ.4.9. ʄʝʪʦʜ ʢʦʥʬʠʛʫʨʠʨʦʚʘʥʠʷ. 

 

ʆʙʱʠʤ ʥʝʜʦʩʪʘʪʢʦʤ ʤʝʪʦʜʦʚ, ʠʩʧʦʣʴʟʫʶʱʠʭ ʨʝʛʫʣʷʨʥʦʝ ʨʘʩʧʦ-

ʣʦʞʝʥʠʝ ʦʜʠʥʘʢʦʚʳʭ ʷʯʝʝʢ, ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ ʚʩʝʛʜʘ ʦʙʨʘʟʫʝʪʩʷ ʪʝʢʩʪʫ-

ʨʘ, ʧʦʷʚʣʷʝʪʩʷ ʤʫʘʨ, ʣʠʰʥʠʝ ʢʦʥʪʫʨʳ, ʢʨʦʤʝ ʪʦʛʦ ʩʥʠʞʘʝʪʩʷ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝʥʥʦʝ ʨʘʟʨʝʰʝʥʠʝ ʠʟʦʙʨʘʞʝʥʠʷ.  

ʉʫʱʝʩʪʚʫʶʪ ʤʝʪʦʜʳ ʫʣʫʯʰʝʥʠʷ ʚʠʟʫʘʣʴʥʦʛʦ ʨʘʟʨʝʰʝʥʠʷ ʧʨʠ ʩʦ-

ʭʨʘʥʝʥʠʠ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʛʦ ʨʘʟʨʝʰʝʥʠʷ.  

ʄʝʪʦʜ ʚʦʟʙʫʞʜʝʥʠʷ. ʄʝʪʦʜ ʫʣʫʯʰʝʥʠʷ ʚʠʟʫʘʣʴʥʦʛʦ ʨʘʟʨʝʰʝʥʠʷ 

ʜʣʷ ʜʚʫʭʫʨʦʚʥʝʚʳʭ ʜʠʩʧʣʝʝʚ ʙʝʟ ʫʤʝʥʴʰʝʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʛʦ ʨʘʟ-

ʨʝʰʝʥʠʷ. ɺ ʠʟʦʙʨʘʞʝʥʠʝ ʚʚʦʜʠʪʩʷ ʩʣʫʯʘʡʥʘʷ ʦʰʠʙʢʘ, ʢʦʪʦʨʘʷ ʜʦʙʘʚ-

ʣʷʝʪʩʷ ʢ ʠʥʪʝʥʩʠʚʥʦʩʪʠ ʢʘʞʜʦʛʦ ʧʠʢʩʝʣʘ ʜʦ ʝʝ ʩʨʘʚʥʝʥʠʷ ʩ ʚʳʙʨʘʥʥʦʡ 

ʧʦʨʦʛʦʚʦʡ ʚʝʣʠʯʠʥʦʡ. ɼʦʙʘʚʣʝʥʠʝ ʩʦʚʝʨʰʝʥʥʦ ʧʨʦʠʟʚʦʣʴʥʦʡ ʦʰʠʙʢʠ 

ʥʝ ʧʨʠʚʦʜʠʪ ʢ ʦʧʪʠʤʘʣʴʥʦʤʫ ʨʝʟʫʣʴʪʘʪʫ. ʉʫʱʝʩʪʚʫʝʪ ʦʧʪʠʤʘʣʴʥʘʷ ʘʜ-

ʜʠʪʠʚʥʘʷ ʤʘʪʨʠʮʘ ʦʰʠʙʢʠ, ʤʠʥʠʤʠʟʠʨʫʶʱʘʷ ʵʬʬʝʢʪʳ ʧʦʷʚʣʝʥʠʷ 

ʣʦʞʥʳʭ ʢʦʥʪʫʨʦʚ ʥʘ ʠʟʦʙʨʘʞʝʥʠʠ. ʄʘʪʨʠʮʘ ʦʰʠʙʢʠ ʜʦʙʘʚʣʷʝʪʩʷ ʢ 

ʠʟʦʙʨʘʞʝʥʠʶ ʪʘʢʠʤ ʞʝ ʩʧʦʩʦʙʦʤ, ʢʘʢ ʨʘʩʧʦʣʦʞʝʥʳ ʢʣʝʪʢʠ ʥʘ ʰʘʭʤʘʪ-

ʥʦʡ ʜʦʩʢʝ. ɼʘʥʥʳʡ ʤʝʪʦʜ ʥʘʟʳʚʘʝʪʩʷ ʫʧʦʨʷʜʦʯʝʥʥʳʤ ʚʦʟʙʫʞʜʝʥʠʝʤ. 

ʄʠʥʠʤʘʣʴʥʘʷ ʤʘʪʨʠʮʘ ʫʧʦʨʷʜʦʯʝʥʥʦʛʦ ʚʦʟʙʫʞʜʝʥʠʷ ʠʤʝʝʪ ʨʘʟʤʝʨ 

(2 2)³ . ʆʧʪʠʤʘʣʴʥʘʷ (2 2)³  - ʤʘʪʨʠʮʘ, ʢʦʪʦʨʫʶ ʧʝʨʚʳʤ ʧʨʝʜʣʦʞʠʣ 

ʃʠʤ, ʠʤʝʝʪ ʚʠʜ: 

2

0 2

3 1
D =            (4.3) 

ʉ ʧʦʤʦʱʴʶ ʤʘʪʨʠʮʳ ʚʦʟʙʫʞʜʝʥʠʷ nD  ʤʦʞʥʦ ʩʤʦʜʝʣʠʨʦʚʘʪʴ 
2n  

ʠʥʪʝʥʩʠʚʥʦʩʪʝʡ. ʄʘʪʨʠʮʳ nD  ʧʦʣʫʯʘʶʪʩʷ ʩ ʧʦʤʦʱʴʶ ʩʣʝʜʫʶʱʠʭ ʨʝ-

ʢʫʨʨʝʥʪʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ ( 4)n²  
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/2 /2 /2

/2 /2 /2 /2

4 4 2

4 3 4

n n n

n

n n n n

D D U
D

D U D U

+
=

+ +
 ,    (4.4) 

ʛʜʝ n  - ʨʘʟʤʝʨ ʤʘʪʨʠʮʳ ʠ   

1 1 1

1 1 1

1 1 1

nU =   .      (4.5) 

ʅʘʧʨʠʤʝʨ, ʤʘʪʨʠʮʘ ʚʦʟʙʫʞʜʝʥʠʷ ʨʘʟʤʝʨʦʤ (4 4)³  ʙʫʜʝʪ ʠʤʝʪʴ 

ʚʠʜ: 

0 8 2 10

12 4 14 6

3 11 1 9

15 7 13 5

nD =          (4.6) 

ʄʘʪʨʠʮʘ ʚʦʟʙʫʞʜʝʥʠʷ ʨʘʟʤʝʨʦʤ (8 8)³  ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

0 32 8 40 2 34 10 42

48 16 56 24 50 18 58 26

12 44 4 36 14 46 6 38

60 28 52 20 62 30 54 22

3 35 11 43 1 33 9 41

51 10 59 27 49 17 57 25

15 47 7 39 13 45 5 37

63 31 55 23 61 29 53 21

nD =   .        (4.7) 

ʇʫʩʪʴ max max,X Y  - ʤʘʢʩʠʤʘʣʴʥʳʝ ʨʘʟʤʝʨʳ ʤʘʪʨʠʮʳ ʠʟʦʙʨʘʞʝʥʠʷ, 

%  - ʬʫʥʢʮʠʷ, ʚʦʟʚʨʘʱʘʶʱʘʷ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʧʝʨʚʦʛʦ ʘʨʛʫʤʝʥʪʘ ʥʘ 

ʚʪʦʨʦʡ, ( , )GetPixel x y - ʬʫʥʢʮʠʷ ʚʦʟʚʨʘʱʘʶʱʘʷ ʟʥʘʯʝʥʠʝ ʧʠʢʩʝʣʷ, 

( , , )PutPixel x y c  - ʬʫʥʢʮʠʷ ʦʪʦʙʨʘʞʘʶʱʘʷ ʮʚʝʪ ʧʠʢʩʝʣʷ ʚ ʪʦʯʢʝ,
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( , )x y , c  ʟʥʘʯʝʥʠʝ ʧʠʢʩʝʣʷ (0c= ï ʯʝʨʥʳʡ ʜʦ 255c= ï ʙʝʣʳʡ), ʪʦʛʜʘ 

ʘʣʛʦʨʠʪʤ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʩʣʝʜʫʶʱʠʭ ʰʘʛʦʚ: 

 
for  ( int  y = Ymax - 1; y > 0; i -- )  
  for  ( int  x = 0; i < Xmax; i++)  
    {  
       i  = (x % n);  
       j = (y % n);  
        if (GetPixel(x,y) < D[i,j])  
             PutPixel(x,y,0)  
         else  
             PutPixel(x,y,255);  
    }  

 

ʇʨʠʚʝʜʝʤ ʧʨʠʤʝʨ ʩʠʥʫʩʦʠʜʳ, ʩʛʝʥʝʨʠʨʦʚʘʥʥʦʡ ʤʝʪʦʜʦʤ ʚʦʟʙʫʞ-

ʜʝʥʠʷ ʩ ʤʘʪʨʠʮʝʡ 8D  (ʨʠʩ. 4.10). ʀʩʧʦʣʴʟʫʝʪʩʷ ʪʦʣʴʢʦ ʜʚʘ ʟʥʘʯʝʥʠʷ 

ʷʨʢʦʩʪʠ ʯʝʨʥʦʝ ʠ ʙʝʣʦʝ. ʆʜʥʘʢʦ ʠʟʦʙʨʘʞʝʥʠʝ ʚʠʟʫʘʣʴʥʦ ʚʳʛʣʷʜʠʪ ʢʘʢ 

ʧʦʣʫʪʦʥʦʚʦʝ. 

 

   
 

ʈʠʩ.4.10. ɻʝʥʝʨʘʮʠʷ ʩʠʥʫʩʦʠʜ ʤʝʪʦʜʦʤ ʚʦʟʙʫʞʜʝʥʠʷ. ʉʣʝʚʘ ʥʘʧʨʘʚʦ: ʦʜʥʘ ʠʟ 

ʩʠʥʫʩʦʠʜ, ʧʦʣʫʯʝʥʥʘʷ ʤʝʪʦʜʦʤ ʚʦʟʙʫʞʜʝʥʠʷ, ʩʠʥʫʩʦʠʜʘ ʧʦʩʣʝ ʥʝʙʦʣʴʰʦʡ 

ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ, ʬʠʛʫʨʘ ʃʠʩʩʘʞʫ, ʧʦʣʫʯʝʥʥʘʷ ʧʦ 4-ʤ ʩʠʥʫʩʦʠʜʘʤ. 

 

ʃʫʯʰʠʝ ʨʝʟʫʣʴʪʘʪʳ ʜʘʝʪ "'error diffusion"  ʤʝʪʦʜ ʌʣʦʡʜʘ-

ʉʪʝʡʥʙʝʨʛʘ [8]. ʕʪʦ ʦʜʠʥ ʠʟ ʧʦʧʫʣʷʨʥʝʡʰʠʭ ʤʝʪʦʜʦʚ ʜʠʟʝʨʠʥʛʘ ʚ 

ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ. 

ɸʣʛʦʨʠʪʤ ʌʣʦʡʜʘ-ʉʪʝʡʥʙʝʨʛʘ. ʀʜʝʷ ʘʣʛʦʨʠʪʤʘ ʩʦʩʪʦʠʪ ʚ ʨʘʩ-

ʧʨʝʜʝʣʝʥʠʠ (ʨʘʩʩʝʠʚʘʥʠʠ) ʦʰʠʙʢʠ, ʚʦʟʥʠʢʰʝʡ ʧʨʠ ʘʧʧʨʦʢʩʠʤʘʮʠʠ 

ʜʘʥʥʦʛʦ ʧʠʢʩʝʣʷ, ʥʘ ʩʦʩʝʜʥʠʝ ʧʠʢʩʝʣʠ. ʉʫʱʝʩʪʚʫʶʪ ʨʘʟʥʳʝ ʚʘʨʠʘʥʪʳ 
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ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʦʰʠʙʢʠ ʥʘ ʩʦʩʝʜʥʠʝ ʧʠʢʩʝʣʠ. ʇʨʠʚʝʜʝʤ ʪʦʪ ʚʘʨʠʘʥʪ, 

ʢʦʪʦʨʳʡ ʠʩʧʦʣʴʟʫʝʪ ʚʩʝ ʜʦʩʪʫʧʥʳʝ (ʧʨʠ ʦʜʥʦʧʨʦʭʦʜʥʦʤ ʧʦʩʪʨʦʯʥʦʤ 

ʘʣʛʦʨʠʪʤʝ) ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʝ ʩʦʩʝʜʥʠʝ ʧʠʢʩʝʣʠ ʚ 8-ʩʚʷʟʥʦʤ ʩʤʳʩʣʝ ʠ 

ʷʚʣʷʝʪʩʷ ʦʧʪʠʤʘʣʴʥʳʤ [9]. ʇʨʠ ʦʙʨʘʙʦʪʢʝ ʧʝʨʚʦʡ ʩʪʨʦʢʠ ʨʘʩʪʨʘ ʜʣʷ 

ʧʝʨʚʦʛʦ ʧʠʢʩʝʣʘ ʮʚʝʪ (ʉ) ʟʘʤʝʥʷʝʪʩʷ ʥʘ ʙʣʠʞʘʡʰʠʡ ʠʟ ʚʦʟʤʦʞʥʳʭ (X). 

ʅʘʧʨʠʤʝʨ, ʧʠʢʩʝʣ ʩʝʨʦʛʦ ʮʚʝʪʘ ʟʘʤʝʥʷʝʪʩʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʯʝʨʥʳʤ 

ʠʣʠ ʙʝʣʳʤ. ɼʣʷ ʵʪʦʛʦ ʧʠʢʩʝʣʘ ʚʳʯʠʩʣʷʝʪʩʷ ʦʰʠʙʢʘ Ⱥ = ʉ-ʍ. ʕʪʘ 

ʦʰʠʙʢʘ ʚ ʧʨʦʧʦʨʮʠʠ (7/16, 5/16, 3/16, 1/16) ʨʘʩʧʨʝʜʝʣʷʝʪʩʷ ʧʦ ʩʦʩʝʜ-

ʥʠʤ ʧʠʢʩʝʣʘʤ (ʦʪʩʶʜʘ ʠ ʥʘʟʚʘʥʠʝ ʤʝʪʦʜʘ ð "error diffusion "). ʇʨʠ ʦʙ-

ʨʘʙʦʪʢʝ ʩʣʝʜʫʶʱʝʛʦ ʧʠʢʩʝʣʘ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʫʞʝ ʩʫʤʤʘ ʝʛʦ ʩʦʙ-

ʩʪʚʝʥʥʦʛʦ ʮʚʝʪʘ ʧʣʶʩ ʟʥʘʯʝʥʠʝ ʦʰʠʙʢʠ, ʢʦʪʦʨʦʝ ʜʦʰʣʦ ʢ ʵʪʦʤʫ ʧʠʢʩʝ-

ʣʫ. ʂʘʢ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʦʰʠʙʢʘ ð ʵʪʦ ʟʘʚʠʩʠʪ ʦʪ ʥʘʧʨʘʚʣʝʥʠʷ ʩʢʘ-

ʥʠʨʦʚʘʥʠʷ ʩʪʨʦʢʠ (ʨʠʩ. 4.11). ɼʣʷ ʫʤʝʥʴʰʝʥʠʷ ʚʝʨʦʷʪʥʦʩʪʠ ʦʙʨʘʟʦʚʘ-

ʥʠʷ ʨʝʛʫʣʷʨʥʳʭ ʫʟʦʨʦʚ ʨʝʢʦʤʝʥʜʫʝʪʩʷ ʩʦʩʝʜʥʠʝ ʩʪʨʦʢʠ ʩʢʘʥʠʨʦʚʘʪʴ ʚ 

ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ ʥʘʧʨʘʚʣʝʥʠʷʭ ð "ʟʤʝʡʢʦʡ". 

 

 
 

ʈʠʩ. 4.11. ɼʦʙʘʚʣʝʥʠʝ ʦʰʠʙʢʠ ʢ ʩʦʩʝʜʥʠʤ ʧʠʢʩʝʣʷʤ. 

 

ʇʨʠʚʝʜʝʤ ʧʨʠʤʝʨ ʩʠʥʫʩʦʠʜʳ, ʩʛʝʥʝʨʠʨʦʚʘʥʥʦʡ ʩ ʧʦʤʦʱʴʶ ʘʣʛʦ-

ʨʠʪʤʘ ʌʣʦʡʜʘ-ʉʪʝʡʥʙʝʨʛʘ (ʨʠʩ. 4.12). ʂʘʢ ʠ ʚ ʤʝʪʦʜʝ ʚʦʟʙʫʞʜʝʥʠʷ ʠʩ-

ʧʦʣʴʟʫʝʪʩʷ ʪʦʣʴʢʦ ʜʚʘ ʮʚʝʪʘ (ʯʝʨʥʳʡ ʠ ʙʝʣʳʡ). 
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ʈʠʩ. 4.12. ɻʝʥʝʨʘʮʠʷ ʩʠʥʫʩʦʠʜ ʤʝʪʦʜʦʤ ʚʦʟʙʫʞʜʝʥʠʷ. ʉʣʝʚʘ ʥʘʧʨʘʚʦ: ʦʜʥʘ ʠʟ 

ʩʠʥʫʩʦʠʜ, ʧʦʣʫʯʝʥʥʘʷ ʩ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ʌʣʦʡʜʘ-ʉʪʝʡʥʙʝʨʛʘ, ʩʠʥʫʩʦʠʜʘ 

ʧʦʩʣʝ ʥʝʙʦʣʴʰʦʡ ʨʘʩʬʦʢʫʩʠʨʦʚʢʠ, ʬʠʛʫʨʘ ʃʠʩʩʘʞʫ. 

 

ɼʣʷ ʜʦʩʪʠʞʝʥʠʷ ʥʘʠʣʫʯʰʝʛʦ ʵʬʬʝʢʪʘ ʤʦʞʥʦ ʢʦʤʙʠʥʠʨʦʚʘʪʴ ʘʣʛʦ-

ʨʠʪʤ ʌʣʦʡʜʘ-ʉʪʝʡʥʙʝʨʛʘ ʠ ʤʝʪʦʜ ʫʧʦʨʷʜʦʯʝʥʥʦʛʦ ʚʦʟʙʫʞʜʝʥʠʷ.  

ʆʜʥʘʢʦ ʠʟ ʨʠʩ. 4.12 ʚʠʜʥʦ, ʯʪʦ ʢʘʯʝʩʪʚʦ ʧʦʣʦʩ, ʧʦʣʫʯʝʥʥʳʭ ʩ ʧʦ-

ʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ʌʣʦʡʜʘ-ʉʪʝʡʥʙʝʨʛʘ, ʜʦʩʪʘʪʦʯʥʦ ʜʣʷ ʚʦʩʩʪʘʥʦʚʣʝʥʠʷ 

ʬʘʟʦʚʦʛʦ ʬʨʦʥʪʘ. 

 

ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʬʘʟʦʚʳʭ ʤʝʪʦʜʦʚ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʨʝʣʴʝʬʘ ʩʜʝʨ-

ʞʠʚʘʣʦʩʴ ʪʝʤ, ʯʪʦ ʬʘʟʦʚʳʝ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʦʧʨʝʜʝʣʷʶʪʩʷ ʩ ʪʦʯʥʦʩʪʴʶ 

ʜʦ ʧʝʨʠʦʜʘ. ɺ ʩʣʝʜʫʶʱʝʤ ʨʘʟʜʝʣʝ ʨʘʩʩʤʦʪʨʠʤ ʦʩʥʦʚʥʳʝ ʤʝʪʦʜʳ ʜʣʷ 

ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ. 

5. ʋʉʊʈɸʅɽʅʀɽ ʌɸɿʆɺʆʁ ʅɽʆɼʅʆɿʅɸʏʅʆʉʊʀ 

ʆʜʥʠʤ ʠʟ ʬʘʢʪʦʨʦʚ, ʩʜʝʨʞʠʚʘʶʱʠʭ ʰʠʨʦʢʦʝ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʝ ʬʘ-

ʟʦʚʳʭ ʤʝʪʦʜʦʚ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ 3D ʩʢʘʥʝʨʦʚ, ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʳʡ 

ʜʠʘʧʘʟʦʥ ʠʟʤʝʨʝʥʠʡ. ʇʦ ʩʧʨʦʝʮʠʨʦʚʘʥʥʳʤ ʢʘʨʪʠʥʘʤ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʧʦʣʦʩ ʬʘʟʦʚʳʝ ʟʥʘʯʝʥʠʷ ʤʦʛʫʪ ʦʜʥʦʟʥʘʯʥʦ ʚʦʩʩʪʘʥʘʚʣʠʚʘʪʴʩʷ ʪʦʣʴʢʦ ʚ 

ʧʨʝʜʝʣʘʭ ʧʝʨʠʦʜʘ ʦʪ 0 ʜʦ 2p. ʇʨʠʯʠʥʘ ʵʪʦʛʦ - ʧʝʨʠʦʜʠʯʝʩʢʠʡ ʭʘʨʘʢ-

ʪʝʨ ʩʠʥʫʩʦʠʜʘʣʴʥʦʡ ʢʘʨʪʠʥʳ, ʧʨʦʝʮʠʨʫʝʤʦʡ ʥʘ ʦʙʲʝʢʪ.  

ɺʝʣʠʯʠʥʘ ʧʝʨʠʦʜʘ ʧʦʣʦʩ (ʮʝʥʘ ʠʥʪʝʨʬʝʨʝʥʮʠʦʥʥʦʡ ʧʦʣʦʩʳ) ʦʧʨʝ-

ʜʝʣʷʝʪʩʷ ʬʘʟʦʚʳʤʠ ʟʥʘʯʝʥʠʷʤʠ, ʧʨʠ ʢʦʪʦʨʳʭ ʨʝʛʠʩʪʨʠʨʫʝʤʘʷ ʠʥʪʝʥ-

ʩʠʚʥʦʩʪʴ ʤʝʥʷʝʪʩʷ ʦʪ ʤʠʥʠʤʫʤʘ ʜʦ ʤʘʢʩʠʤʫʤʘ.  
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ʅʘʠʙʦʣʝʝ ʨʘʩʧʨʦʩʪʨʘʥʝʥʳ ʘʣʛʦʨʠʪʤ rʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦ-

ʟʥʘʯʥʦʩʪʠ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʘʥʘʣʠʟʝ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʩʪʨʫʢʪʫʨʳ ʧʦʣʷ 

ʬʘʟ. 

5.1. ʋʉʊʈɸʅɽʅʀɽ ʌɸɿʆɺʆʁ ʅɽʆɼʅʆɿʅɸʏʅʆʉʊʀ ʄɽʊʆ-

ɼɸʄʀ ʈɸɿɺɽʈʊʓɺɸʅʀʗ  

ʇʦʣʥʘʷ ʬʘʟʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʨʘʟʚʝʨʪʳʚʘʥʠʝʤ ʬʘʟʳ, ʪ.ʝ. ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʳʤ ʜʦʙʘʚʣʝʥʠʝʤ ʠʣʠ ʚʳʯʠʪʘʥʠʝʤ 2p ʢ ʩʦʩʝʜʥʠʤ ʪʦʯʢʘʤ, ʝʩʣʠ 

ʧʝʨʝʧʘʜ ʤʝʞʜʫ ʥʠʤʠ ʧʨʝʚʳʰʘʝʪ ʥʝʢʦʪʦʨʳʡ ʧʦʨʦʛ (ʨʠʩ. 5.1). ʊʘʢʘʷ 

ʧʨʦʮʝʜʫʨʘ ʦʩʥʦʚʘʥʘ ʥʘ ʜʦʧʫʱʝʥʠʠ, ʯʪʦ ʨʝʟʢʠʝ (ʙʦʣʝʝ ʧʝʨʠʦʜʘ) ʩʢʘʯʢʠ 

ʦʪʩʫʪʩʪʚʫʶʪ.  

 
ʈʠʩ. 5.1. ɺʦʩʩʪʘʥʦʚʣʝʥʠʝ ʧʦʣʥʦʡ ʬʘʟʳ (ʩʝʨʳʤ ʮʚʝʪʦʤ ʦʙʦʟʥʘʯʝʥ ʠʟʤʝʨʝʥʥʳʡ 

ʚʦʣʥʦʚʦʡ ʬʨʦʥʪ).  

 

ɼʣʷ ʧʨʦʩʣʝʞʠʚʘʥʠʷ ʛʨʘʥʠʮʳ ʧʝʨʝʭʦʜʘ ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ ʯʠʩʣʦ 

ʧʝʨʠʦʜʦʚ ʙʳʣʦ ʥʘ ʧʦʨʷʜʦʢ ʤʝʥʴʰʝ, ʯʝʤ ʪʦʯʝʢ ʚ ʤʘʩʩʠʚʝ ʜʝʪʝʢʪʦʨʘ. ʕʪʦ 

ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʧʨʠ ʘʥʘʣʠʟʝ ʧʣʘʚʥʳʭ ʬʘʟʦʚʳʭ ʬʨʦʥʪʦʚ.  

ɻʠʧʦʪʝʟʘ ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʬʘʟʦʚʦʛʦ ʧʝʨʝʭʦʜʘ ʚ ʥʝʢʦʪʦʨʦʡ ʪʦʯʢʝ 

ʬʘʟʦʚʦʛʦ ʧʦʣʷ ʧʨʠʥʠʤʘʝʪʩʷ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʨʝʟʫʣʴʪʘʪʦʚ ʘʥʘʣʠʟʘ ʝʝ 

ʦʢʨʝʩʪʥʦʩʪʠ. ʊʘʢʘʷ ʧʨʦʮʝʜʫʨʘ ʥʘʟʳʚʘʝʪʩʷ ʬʘʟʦʚʳʤ ʨʘʟʚʝʨʪʳʚʘʥʠʝʤ. 

ʇʝʨʚʳʝ ʨʘʙʦʪʳ ʧʦ ʬʘʟʦʚʦʤʫ ʨʘʟʚʝʨʪʳʚʘʥʠʶ ʩʪʨʦʠʣʠʩʴ ʥʘ ʩʨʘʚʥʝ-

ʥʠʠ ʩʦʩʝʜʥʠʭ ʟʥʘʯʝʥʠʡ ʚ ʩʪʦʣʙʮʘʭ ʠ ʩʪʨʦʢʘʭ ʤʘʩʩʠʚʘ. ʇʨʠ ʵʪʦʤ ʠʩ-

ʧʦʣʴʟʦʚʘʣʘʩʴ ʠʥʬʦʨʤʘʮʠʷ ʦ ʧʨʝʜʳʜʫʱʠʭ ʚʦʩʩʪʘʥʦʚʣʝʥʥʳʭ ʪʦʯʢʘʭ ʜʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ʚʦʣʥʦʚʦʛʦ ʬʨʦʥʪʘ ʚ ʩʣʝʜʫʶʱʠʭ ʪʦʯʢʘʭ. ʇʦʩʢʦʣʴʢʫ ʧʨʦ-

ʮʝʜʫʨʘ ʨʘʟʚʝʨʪʳʚʘʥʠʷ ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ ʟʘʚʠʩʠʪ ʦʪ ʧʨʝʜʳʜʫʱʠʭ ʚʳʯʠʩ-
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ʣʝʥʠʡ, ʝʜʠʥʠʯʥʘʷ ʦʰʠʙʢʘ ʧʨʠʚʦʜʠʣʘ ʢ ʣʘʚʠʥʦʦʙʨʘʟʥʦʤʫ ʥʘʨʘʩʪʘʥʠʶ 

ʧʦʛʨʝʰʥʦʩʪʠ. 

ʃʫʯʰʠʝ ʨʝʟʫʣʴʪʘʪʳ ʜʘʝʪ ʤʦʜʠʬʠʢʘʮʠʷ ʤʝʪʦʜʘ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ 

ʘʥʘʣʠʟʘ ʧʦ ʦʙʣʘʩʪʷʤ. ʂʘʞʜʘʷ ʪʦʯʢʘ ʩʚʷʟʳʚʘʝʪʩʷ ʩ ʦʧʨʝʜʝʣʝʥʥʦʡ ʦʙʣʘ-

ʩʪʴʶ, ʚ ʢʦʪʦʨʦʡ ʥʝ ʜʦʣʞʥʦ ʙʳʪʴ ʬʘʟʦʚʳʭ ʩʢʘʯʢʦʚ. ʊʘʢʠʝ ʦʙʣʘʩʪʠ ʦʛʨʘ-

ʥʠʯʝʥʳ ʣʠʥʠʷʤʠ ʬʘʟʦʚʳʭ ʨʘʟʨʳʚʦʚ. ʂʘʞʜʦʡ ʦʙʣʘʩʪʠ ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪ-

ʚʝʪʩʪʚʠʝ ʮʝʣʦʝ ʯʠʩʣʦ n, ʢʦʪʦʨʦʝ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ ʢʦ 

ʚʩʝʤ ʪʦʯʢʘʤ ʥʫʞʥʦ ʜʦʙʘʚʠʪʴ ʠʣʠ ʚʳʯʝʩʪʴ 2 np . 

ʀʩʭʦʜʥʦʝ ʠʟʦʙʨʘʞʝʥʠʝ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩ. 5.2 ʘ.  

 

 
 

 

 

 
 

 

 

ʈʠʩ. 5.2 ʘ  ʀʩʭʦʜʥʦʝ ʧʦʣʝ ʬʘʟ (ʩʣʝʚʘ) ʠ ʛʨʘʬʠʢ ʧʦ ʩʝʯʝʥʠʶ ʰʘʨʘ (ʩʧʨʘ-

ʚʘ). 

ʇʝʨʚʳʡ ʵʪʘʧ - ʚʳʜʝʣʝʥʠʝ ʛʨʘʥʠʮ ʟʦʥ ʬʘʟʦʚʦʡ ʤʦʥʦʪʦʥʥʦʩʪʠ. ʅʘ 

ʨʠʩ. 5.2 ʙ (ʩʣʝʚʘ) ʧʦʢʘʟʘʥʳ ʚʳʜʝʣʝʥʥʳʝ ʛʨʘʥʠʮʳ ʦʙʣʘʩʪʝʡ. ɻʨʘʥʠʮʳ 

ʦʙʣʘʩʪʝʡ ʤʦʥʦʪʦʥʥʦʩʪʠ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʬʘʟ ʚʳʜʝʣʷʶʪʩʷ ʧʦ ʧʝʨʝʧʘʜʘʤ 

ʙʣʠʟʢʠʤ ʢ 2p. ɺ ʧʨʝʜʝʣʘʭ ʵʪʠʭ ʟʦʥ ʬʘʟʦʚʳʝ ʟʥʘʯʝʥʠʷ ʨʘʩʧʨʝʜʝʣʷʶʪʩʷ 

ʦʪ 0 ʜʦ 2p. ɺr ʜʝʣʝʥʥʳʝ ʛʨʘʥʠʮʳ ʦʯʝʥʴ ʨʝʜʢʦ ʠʤʝʶʪ ʭʦʨʦʰʝʝ ʢʘʯʝ-

ʩʪʚʦ. ɺ ʙʦʣʴʰʠʥʩʪʚʝ ʩʣʫʯʘʝʚ ʦʥʠ ʠʤʝʶʪ ʨʘʟʨʳʚʳ, ʢʦʪʦʨʳʝ ʥʝʦʙʭʦʜʠʤʦ 

ʫʩʪʨʘʥʷʪʴ ʚʨʫʯʥʫʶ. ʀʥʦʛʜʘ ʛʨʘʥʠʮʳ ʦʙʣʘʩʪʝʡ ʤʦʛʫʪ ʙʳʪʴ ʜʦʩʪʘʪʦʯʥʦ 

ʩʣʦʞʥʳʤʠ, ʯʪʦʙʳ ʤʦʞʥʦ ʙʳʣʦ ʠʭ ʧʨʦʘʥʘʣʠʟʠʨʦʚʘʪʴ ʦʧʝʨʘʪʦʨʫ. ʇʦ-

ʵʪʦʤʫ ʩʠʩʪʝʤʳ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʦʜʥʦʨʦʜʥʳʭ ʬʘʟʦʚʳʭ ʦʙʣʘʩʪʝʡ ʧʦʭʦ-

ʞʠ ʥʘ ʠʥʪʝʨʘʢʪʠʚʥʳʝ ʛʨʘʬʠʯʝʩʢʠʝ ʨʝʜʘʢʪʦʨʳ. 

ɺʪʦʨʦʡ ʵʪʘʧ ï ʟʘʧʦʣʥʝʥʠʝ ʦʙʣʘʩʪʝʡ. ʅʘ ʵʪʦʤ ʵʪʘʧʝ ʦʧʝʨʘʪʦʨ ʜʣʷ ʢʘʞ-

ʜʦʡ ʦʙʣʘʩʪʠ ʫʩʪʘʥʘʚʣʠʚʘʝʪ ʯʠʩʣʦ n, ʢʦʪʦʨʦʝ ʫʢʘʟʳʚʘʝʪ, ʩʢʦʣʴʢʦ ʧʝʨʠ-

ʦʜʦʚ ʥʘʜʦ ʜʦʙʘʚʠʪʴ ʠʣʠ ʚʳʯʝʩʪʴ ʠʟ ʚʩʝʭ ʪʦʯʝʢ ʦʙʣʘʩʪʠ. ʕʪʦ ʯʠʩʣʦ ʟʘʜʘ-
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ʝʪʩʷ ʠʩʭʦʜʷ ʠʟ ʘʧʨʠʦʨʥʦʛʦ ʟʥʘʥʠʷ ʦ ʬʦʨʤʝ ʧʦʚʝʨʭʥʦʩʪʠ. ʅʘ ʨʠʩʫʥʢʝ 

5.2 ʙ (ʩʧʨʘʚʘ) ʧʦʢʘʟʘʥʘ ʥʫʤʝʨʘʮʠʷ ʟʦʥ ʬʘʟʦʚʦʡ ʤʦʥʦʪʦʥʥʦʩʪʠ. ʅʘ ʛʨʘ-

ʬʠʢʝ ʚʠʜʥʦ, ʯʪʦ ʢʘʢʦʝ ʯʠʩʣʦ 2 np  ʜʦʣʞʥʦ ʙʳʪʴ ʜʦʙʘʚʣʝʥʦ ʠʣʠ ʚʳʯʪʝ-

ʥʦ, ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʮʚʝʪʘ, ʢʦʪʦʨʳʡ ʦʧʨʝʜʝʣʷʝʪ ʯʠʩʣʦ n . 

  

 
 

 
 

ʈʠʩ. 5.2 ʙ  ɻʨʘʥʠʮʳ ʦʙʣʘʩʪʝʡ (ʩʣʝʚʘ) ʠ ʟʦʥʳ ʤʦʥʦʪʦʥʥʦʩʪʠ ʬʘʟʳ (ʩʧʨʘ-

ʚʘ). 

ʊʨʝʪʠʡ ʵʪʘʧ ï ʚʦʩʩʪʘʥʦʚʣʝʥʠʝ ʧʦʣʥʦʡ ʬʘʟʳ.  ʕʪʦʪ ʵʪʘʧ ʚʳʧʦʣʥʷʝʪʩʷ 

ʘʚʪʦʤʘʪʠʯʝʩʢʠ. ɼʣʷ ʪʦʯʝʢ ʠʟ ʚʳʜʝʣʝʥʥʳʭ ʦʙʣʘʩʪʝʡ ʠʩʭʦʜʥʦʛʦ ʬʘʟʦʚʦʛʦ 

ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʜʦʙʘʚʣʷʶʪʩʷ ʟʥʘʯʝʥʠʷ 2 np . ʅʘ ʨʠʩ. 5.2 ʚ (ʩʣʝʚʘ) ʧʦʢʘ-

ʟʘʥʦ ʧʦʣʝ ʬʘʟ ʧʦʩʣʝ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ. ʆʜʥʘʢʦ ʵʪʦ 

ʧʦʣʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʧʦʜ ʫʛʣʦʤ, ʢʦʪʦʨʳʡ ʟʘʚʠʩʠʪ ʦʪ ʛʝʦʤʝʪʨʠʠ ʦʧʪʠ-

ʯʝʩʢʦʡ ʫʩʪʘʥʦʚʢʠ. ʇʦʩʣʝ ʫʜʘʣʝʥʠʷ ʥʘʢʣʦʥʘ ʧʦʣʫʯʠʤ ʨʝʟʫʣʴʪʠʨʫʶʱʝʝ 

ʧʦʣʝ ʨʠʩ. 5.2 ʚ (ʩʧʨʘʚʘ). 
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ʈʠʩ. 5.2 ʚ. ɺʦʩʩʪʘʥʦʚʣʝʥʠʝ ʧʦʣʥʦʡ ʬʘʟʳ ʘʥʘʣʠʟʦʤ ʦʙʣʘʩʪʝʡ (ʩʣʝʚʘ ʨʝʟʫʣʴʪʠ-

ʨʫʶʱʝʝ ʧʦʣʝ ʬʘʟ ʧʦʩʣʝ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ, ʩʧʨʘʚʘ ï ʧʦʩʣʝ 

ʫʩʪʨʘʥʝʥʠʷ ʥʘʢʣʦʥʘ). 

 

ʆʩʥʦʚʥʳʤʠ ʥʝʜʦʩʪʘʪʢʘʤʠ ʘʣʛʦʨʠʪʤʦʚ ʨʘʟʚʝʨʪʳʚʘʥʠʷ ʷʚʣʷʪʁʩʷ: 

- ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʨʫʯʥʦʡ ʢʦʨʨʝʢʮʠʠ ʟʦʥ ʤʦʥʦʪʦʥʥʦʩʪʠ;  

- ʯʠʩʣʦ ʘʥʘʣʠʟʠʨʫʝʤʳʭ ʦʙʣʘʩʪʝʡ ʤʦʞʝʪ ʙʳʪʴ ʥʝʚʝʣʠʢʦ (ʥʘ ʧʨʘʢʪʠ-

ʢʝ 10 20n= ), ʯʪʦ ʦʛʨʘʥʠʯʠʚʘʝʪ ʚʦʟʤʦʞʥʳʡ ʜʠʘʧʘʟʦʥ ʠʟʤʝʨʝ-

ʥʠʡ. 

 

ʉʫʱʝʩʪʚʫʶʪ ʘʣʛʦʨʠʪʤʳ, ʢʦʪʦʨʳʝ ʦʙʝʩʧʝʯʠʚʘʶʪ ʧʦʣʥʦʩʪʴʶ ʘʚʪʦ-

ʤʘʪʠʯʝʩʢʦʝ ʫʩʪʨʘʥʝʥʠʝ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ. 

ɽʩʣʠ ʧʨʦʝʮʠʨʦʚʘʪʴ ʥʘ ʦʙʲʝʢʪ ʩʠʥʫʩʦʠʜʘʣʴʥʳʝ ʢʘʨʪʠʥʳ ʩ ʨʘʟʣʠʯ-

ʥʳʤʠ ʧʝʨʠʦʜʘʤʠ, ʪʦ ʚ ʨʝʟʫʣʴʪʘʪʝ ʦʙʨʘʙʦʪʢʠ ʧʦʣʫʯʠʤ ʩʝʨʠʶ ʬʘʟʦʚʳʭ 

ʢʘʨʪʠʥ ʚ ʧʝʨʠʦʜʝ ʦʪ 0 ʜʦ 2p, ʧʦ ʢʦʪʦʨʳʤ ʧʦʣʥʦʩʪʴʶ ʘʚʪʦʤʘʪʠʯʝʩʢʠ 
ʤʦʞʥʦ ʚʦʩʩʪʘʥʦʚʠʪʴ ʚ ʜʦʩʪʘʪʦʯʥʦ ʙʦʣʴʰʦʤ ʜʠʘʧʘʟʦʥʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ 

ʨʘʩʧʨʝʜʝʣʝʥʠʝ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʧʨʦʬʠʣʶ ʧʦʚʝʨʭʥʦʩʪʠ. 

5.2. ʈɸʉʐʀʈɽʅʀɽ ʆɹʃɸʉʊʀ ʌɸɿʆɺʆʁ ʅɽʆɼʅʆɿʅɸʏʅʆ-

ʉʊʀ ʉ ʇʆʄʆʑʔʖ ʕʂɺʀɺɸʃɽʅʊʅʆʁ ɼʃʀʅʓ ɺʆʃʅʓ  

 

ʀʟʤʝʨʝʥʠʷ ʧʨʠ ʜʚʫʭ ʥʘʙʦʨʘʭ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ ʢʘʨʪʠʥ ʩ ʨʘʟʥʳʤʠ 

ʮʝʥʘʤʠ ʧʦʣʦʩ ï ʝʱʝ ʦʜʠʥ ʩʧʦʩʦʙ ʨʘʩʰʠʨʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦ-

ʩʪʠ [2]. ɼʣʷ ʵʪʦʛʦ ʤʳ ʪʘʢʞʝ ʧʨʦʝʮʠʨʫʝʤ ʜʚʝ ʩʝʨʠʠ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʢʘʨʪʠʥ ʩ ʨʘʟʣʠʯʥʳʤ ʨʘʟʤʝʨʦʤ ʧʝʨʠʦʜʘ 1l ʠ 2l. 

ʇʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʤʝʪʦʜʘ ʧʦʰʘʛʦʚʦʛʦ ʬʘʟʦʚʦʛʦ ʩʜʚʠʛʘ ʨʝʟʫʣʴʪʠ-

ʨʫʶʱʠʝ ʟʥʘʯʝʥʠʷ ʧʨʦʬʠʣʷ ʙʫʜʫʪ ʤʝʥʷʪʴʩʷ ʦʪ 0 ʜʦ ʚʳʙʨʘʥʥʦʡ ʮʝʥʳ 

ʧʦʣʦʩʳ - [ ]( , ) /C h x y lÖ .  ɺʳʨʘʞʝʥʠʝ, ʢʦʪʦʨʦʝ ʩʚʷʟʳʚʘʝʪ ʘʙʩʦʣʶʪʥʫʶ 

ʬʘʟʫ F, ʮʝʥʫ ʧʦʣʦʩʳ l ʠ ʚʝʣʠʯʠʥʫ ʧʨʦʬʠʣʷ ( , )h x y  ʠʤʝʝʪ ʚʠʜ: 

[ ]( , ) ( , ) / 2x y C h x y l pF = Ö Ö   ,      (5.1) 

ʛʜʝ C  - ʩʠʩʪʝʤʥʘʷ ʢʦʥʩʪʘʥʪʘ, ʟʘʚʠʩʷʱʘʷ ʦʪ ʦʧʪʠʯʝʩʢʦʡ ʩʭʝʤʳ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʳ ʤʦʞʝʪ ʧʝʨʝʩʯʠʪʘʪʴ ʬʘʟʦʚʳʝ ʟʥʘʯʝʥʠʷ ʦʪ 0 ʜʦ 

2p ʢ ʟʥʘʯʝʥʠʷʤ ʧʨʦʬʠʣʷ ʚ ʤʠʣʣʠʤʝʪʨʘʭ.  
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ɽʩʣʠ ʤʳ ʜʝʣʘʝʤ ʠʟʤʝʨʝʥʠʷ ʩ ʜʚʫʤʷ ʮʝʥʘʤʠ ʧʦʣʦʩ 1l ʠ 2l, ʪʦ ʨʘʟ-

ʥʦʩʪʴ ʜʚʫʭ ʘʙʩʦʣʶʪʥʳʭ ʬʘʟ ʙʫʜʝʪ 

12 1 2 12( , ) / 2eqC h x y l pè øDF =F -F = Ö Öê ú    ,   (5.2) 

ʛʜʝ 
12 1 2 2 1/eql ll l l= -  - ʵʢʚʠʚʘʣʝʥʪʥʘʷ ʜʣʠʥʘ ʚʦʣʥʳ.   

ʇʦʩʣʝ ʠʟʤʝʨʝʥʠʡ ʤʳ ʠʤʝʝʤ ʪʦʣʴʢʦ ʬʘʟʳ, ʦʧʨʝʜʝʣʝʥʥʳʝ ʚ ʧʨʝʜʝ-

ʣʘʭ ʧʝʨʠʦʜʘ 1f ʠ 2f. ɸʙʩʦʣʶʪʥʘʷ ʬʘʟʘ F, ʩʚʷʟʘʥʘ ʩ f ʦʪʥʦʰʝʥʠʝʤ 

(mod 2 )f p=F . ʇʦʣʴʟʫʷʩʴ ʵʪʠʤ ʚʳʨʘʞʝʥʠʝʤ ʠʟ (5.2) ʤʦʞʥʦ ʧʦʣʫ-

ʯʠʪʴ 

[ ] [ ]12 12 1 2 1 2(mod 2 ) (mod 2 ) (mod 2 )f p p f f pD =DF = F -F = -  . 

(5.3) 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʧʦʜʦʙʨʘʪʴ ʜʚʝ ʧʦʣʦʩʳ ʩ ʮʝʥʘʤʠ, ʧʨʠ ʢʦʪʦʨʳʭ 

ʧʝʨʠʦʜ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʧʦʣʦʩʳ ʙʫʜʝʪ ʙʦʣʴʰʝ, ʯʝʤ ʠʟʤʝʨʷʝʤʳʡ ʜʠʘʧʘ-

ʟʦʥ, ʪʦ ʟʘʜʘʯʘ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ ʙʫʜʝʪ ʨʝʰʝʥʘ.  

ɺʳʨʘʞʝʥʠʝ (5.3) ʥʘʭʦʜʠʪʩʷ ʧʦ ʩʣʝʜʫʶʱʝʤʫ ʘʣʛʦʨʠʪʤʫ: 

- ʠʱʝʪʩʷ ʨʘʟʥʦʩʪʴ ʬʘʟ 1 2f f- ; 

- ʝʩʣʠ 1 2( ) 0f f- <, ʪʦ ʢ 1 2f f-  ʜʦʙʘʚʣʷʝʪʩʷ p. 

ʏʪʦʙʳ ʧʝʨʠʦʜ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʧʦʣʦʩʳ ʙʳʣ ʙʦʣʴʰʝ ʥʝʦʙʭʦʜʠʤʦ, 

ʯʪʦʙʳ ʟʥʘʤʝʥʘʪʝʣʴ ʚ ʚʳʨʘʞʝʥʠʠ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʚʦʣ-

ʥʳ ʙʳʣ ʥʝʙʦʣʴʰʠʤ. ʏʝʤ ʙʣʠʞʝ ʧʝʨʠʦʜʳ ʵʪʠʭ ʚʦʣʥ, ʪʝʤ ʣʫʯʰʝ. ɸ ʵʪʦ 

ʥʝʣʴʟʷ ʩʜʝʣʘʪʴ ʠʟ-ʟʘ ʥʘʣʠʯʠʷ ʰʫʤʦʚ. ʇʦʵʪʦʤʫ ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʜʚʫʭ 

ʜʣʠʥ ʚʦʣʥ ʯʘʩʪʦ ʙʳʚʘʝʪ ʥʝʜʦʩʪʘʪʦʯʥʦ.  

ʅʘ ʧʨʘʢʪʠʢʝ ʠʩʧʦʣʴʟʫʶʪ ʥʝ ʤʝʥʝʝ 3 ʩʝʨʠʡ ʧʦʣʦʩ [10], ʪʘʢʠʭ ʯʪʦʙʳ 

ʨʝʟʫʣʴʪʠʨʫʶʱʘʷ ʵʢʚʠʚʘʣʝʥʪʥʘʷ ʚʦʣʥʘ ʧʦʢʨʳʚʘʣʘ ʚʩʝ ʠʟʦʙʨʘʞʝʥʠʝ. 

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʫ ʥʘʩ ʝʩʪʴ ʪʨʝʪʠʡ ʥʘʙʦʨ ʩʠʥʫʩʦʠʜ ʩ ʮʝʥʦʡ ʧʦ-

ʣʦʩʳ 3l. ʊʦʛʜʘ, ʤʳ ʤʦʞʝʤ ʦʧʨʝʜʝʣʠʪʴ ʠ 13fD  

[ ] { }13 1 3 13(mod 2 ) ( , ) / 2 (mod 2 )eqC h x yf f f p l p pè øD = - = Ö Öê ú    (5.4) 

ɺ ʨʝʟʫʣʪɹʘʪʝ ʤʳ ʦʧʨʝʜʝʣʷʝʤ ʵʢʚʠʚʘʣʝʥʪʥʫʶ ʜʣʠʥʫ ʚʦʣʥʳ ʜʣʷ 3 

ʚʦʣʥ 

123 12 13 13 12/eq eq eq eq eql l l l l= -    ,     (5.5) 

ʠ  ʤʦʞʝʤ ʦʧʨʝʜʝʣʠʪʴ 
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[ ]123 13 12 (mod 2 )f f f pD = - ={ }123( , ) / 2 (mod 2 )eqC h x y l p pè øÖ Öê ú . 

(5.6) 

ɽʩʣʠ ʮʝʥʳ ʧʦʣʦʩ ʧʦʜʦʙʨʘʥʳ ʪʘʢ, ʯʪʦ 123 if fD >D ʤʳ ʤʦʞʝʤ ʨʘʩ-

ʰʠʨʠʪʴ ʦʙʣʘʩʪʴ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ.  

ʊʦʯʥʦʩʪʴ ʠʟʤʝʨʝʥʠʡ ʦʙʨʘʪʥʦ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʜʣʠʥʝ ʚʦʣʥʳ. ʇʦ-

ʵʪʦʤʫ ʚʳʯʠʩʣʝʥʠʷ ʩ ʙʦʣʴʰʦʡ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʚʦʣʥʦʡ ʜʘʶʪ ʙʦʣʴʰʫʶ 

ʧʦʛʨʝʰʥʦʩʪʴ. ʕʪʠ ʠʟʤʝʨʝʥʠʷ ʠʩʧʦʣʴʟʫʶʪ ʜʣʷ ʨʘʟʚʦʨʘʯʠʚʘʥʠʷ ʬʘʟʳ ʚ 

ʦʙʨʘʪʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ ʜʣʷ ʜʨʫʛʠʭ ʜʣʠʥ ʚʦʣʥ. ʀ ʜʣʷ ʨʝʟʫʣʴʪʠʨʫʶʱʝʛʦ 

ʧʦʩʪʨʦʝʥʠʷ ʧʨʦʬʠʣʷ ʠʩʧʦʣʴʟʫʶʪ ʬʘʟʫ, ʧʦʣʫʯʝʥʥʫʶ ʩ ʥʘʠʤʝʥʴʰʝʡ 

ʜʣʠʥʦʡ ʚʦʣʥʳ.  

ɼʣʷ ʧʨʠʤʝʨʘ [10], ʚʳʙʝʨʝʤ ʪʨʠ ʜʣʠʥʳ ʚʦʣʥʳ 1 60l=  ʧʠʢʩʝʣʝʡ, 

2 90l=  ʧʠʢʩʝʣʝʡ, 3 102l=  ʧʠʢʩʝʣʷ. ʈʝʟʫʣʴʪʠʨʫʶʱʘʷ ʵʢʚʠʚʘʣʝʥʪʥʘʷ 

ʜʣʠʥʘ ʚʦʣʥʳ ʩʦʩʪʘʚʠʪ 123 765l =  ʧʠʢʩʝʣʝʡ (ʨʠʩ. 5.3). 

ʅʘ ʩʣʝʜʫʶʱʝʤ ʨʠʩ. 5.3 ʧʦʢʘʟʘʥ ʧʨʦʮʝʩʩ ʫʚʝʣʠʯʝʥʠʷ ʧʝʨʠʦʜʘ ʧʦ-

ʣʦʩ ʧʨʠ ʬʦʨʤʠʨʦʚʘʥʠʠ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʜʣʠʥʳ ʚʦʣʥʳ:  

- ʣʝʚʳʡ ʩʪʦʣʙʝʮ: 3 ʠʩʭʦʜʥʳʝ ʢʘʨʪʠʥʳ ʧʦʣʦʩ ʩ 1 60l=  ʧʠʢʩʝʣʝʡ, 

2 90l=  ʧʠʢʩʝʣʝʡ, 3 102l=  ʧʠʢʩʝʣʷ. 

- ʮʝʥʪʨʘʣʴʥʳʡ ʩʪʦʣʙʝʮ: ʜʚʝ ʩʛʝʥʝʨʠʨʦʚʘʥʥʳʝ ʨʘʟʥʦʩʪʠ ʬʘʟ ʩ 

1 180l=  ʧʠʢʩʝʣʝʡ, 2 145,7l=  ʧʠʢʩʝʣʝʡ, 

- 123fD  ʩ 123 765l =  ʧʠʢʩʝʣʝʡ. 

ʆʜʥʘʢʦ, ʝʩʣʠ ʚʳ ʚʥʠʤʘʪʝʣʴʥʦ ʧʦʩʤʦʪʨʠʪʝ ʥʘ ʨʝʟʫʣʴʪʘʪʳ ʦʧʨʝʜʝ-

ʣʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʜʣʠʥʳ ʚʦʣʥʳ, ʪʦ ʤʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʜʣʷ ʵʪʠʭ 

ʟʥʘʯʝʥʠʡ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʷʪʴ 12fD  ʠ 13fD , ʠ ʥʘ ʠʭ ʦʩʥʦʚʝ 

123fD  . ʄʦʞʥʦ ʧʨʦʩʪʦ ʦʧʨʝʜʝʣʠʪʴ 23fD , ʢʦʪʦʨʦʝ ʪʦ ʞʝ ʙʫʜʝʪ ʨʘʚʥʦ 

90*102/(102-90)= 765.  
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1f     1 60l=  

 

 

 

12fD      12 180l =  

 

 

 

13fD      13 145,7l =  

 

 

 

2f     2 90l=  
 

123fD      123 765l =  

 

 

3f     3 102l=  

 

ʈʠʩ. 5.3. ʌʦʨʤʠʨʦʚʘʥʠʝ ʨʘʟʥʦʩʪʠ ʬʘʟ. 

 

ʅʘ ʨʠʩ. 5.4 ʧʦʢʘʟʘʥʳ ʨʝʟʫʣʴʪʘʪʳ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯ-

ʥʦʩʪʠ [10]. ʅʘ ʨʠʩ. 5.4: 

- ʧʝʨʚʘʷ ʩʪʨʦʢʘ: a) ï ʠʩʭʦʜʥʳʡ ʦʙʲʝʢʪ, b) ʧʨʦʝʢʮʠʷ ʧʦʣʦʩ ʩ ʰʘʛʦʤ 

1 60l= , c) ʩ ʰʘʛʦʤ 2 90l= , d) ʩ ʰʘʛʦʤ 3 102l= ;  

- ʚʪʦʨʘʷ ʩʪʨʦʢʘ: e)-g) ï ʚʦʩʩʪʘʥʦʚʣʝʥʥʳʝ ʬʘʟʳ;  
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- ʪʨʝʪʴʷ ʩʪʨʦʢʘ: h), i) ï ʬʘʟʳ ʩ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʜʣʠʥʦʡ ʚʦʣʥʳ 12fD  

ʠ 13fD ; ʠ j) ï ʨʝʟʫʣʴʪʠʨʫʶʱʘʷ ʬʘʟʘ ʩ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʚʦʣʥʦʡ 

123fD .  

 

 
ʈʠʩ. 5.4. ʈʝʟʫʣʴʪʘʪʳ ʨʘʩʰʠʬʨʦʚʢʠ ʩ ʧʦʤʦʱʴʶ ʪʨʝʭ ʩʝʨʠʡ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʧʦʣʦʩ. 

 

ʅʝʜʦʩʪʘʪʢʠ ʘʣʛʦʨʠʪʤʘ: 

- ʩ ʫʚʝʣʠʯʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʡ ʜʣʠʥʳ ʚʦʣʥʳ ʧʘʜʘʝʪ ʪʦʯʥʦʩʪʴ, ʧʦ-

ʵʪʦʤʫ ʧʨʠʭʦʜʠʪʩʷ ʜʝʣʘʪʴ ʦʙʨʘʪʥʫʶ ʨʘʟʚʝʨʪʢʫ ʠ ʫʯʠʪʳʚʘʪʴ ʬʘʟʦʚʳʝ 

ʨʘʩʧʨʝʜʝʣʝʥʠʷ, ʧʦʣʫʯʝʥʥʳʝ ʩ ʩʘʤʳʤ ʤʘʣʳʤ ʧʝʨʠʦʜʦʤ; 

- ʨʘʩʰʠʨʝʥʠʝ ʜʠʘʧʘʟʦʥʘ ʥʝʟʥʘʯʠʪʝʣʴʥʦʝ. 

ʆʜʥʘʢʦ ʵʪʦʪ ʘʣʛʦʨʠʪʤ ʣʝʛʢʦ ʧʨʦʛʨʘʤʤʠʨʫʝʪʩʷ, ʦʥ ʠʥʪʫʠʪʠʚʥʦ ʧʦ-

ʥʷʪʝʥ. ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʵʪʦ ʥʘʠʙʦʣʝʝ ʨʘʩʧʨʦʩʪʨʘʥʝʥʥʳʡ ʘʣʛʦʨʠʪʤ 

ʨʘʩʰʠʨʝʥʠʷ ʜʠʘʧʘʟʦʥʘ ʬʘʟʦʚʳʭ ʠʟʤʝʨʝʥʠʡ. 
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ʃʫʯʰʠʝ ʨʝʟʫʣʴʪʘʪʳ ʜʘʝʪ ʘʣʛʦʨʠʪʤ ʫʩʪʨʘʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦ-

ʟʥʘʯʥʦʩʪʠ ʧʨʠ ʧʨʦʝʢʮʠʠ ʧʦʣʦʩ, ʧʝʨʠʦʜʳ ʢʦʪʦʨʳʭ ʷʚʣʷʶʪʩʷ ʚʟʘʠʤʥʦ 

ʧʨʦʩʪʳʤʠ ʯʠʩʣʘʤʠ [2,11]. ɽʩʣʠ ʟʥʘʯʝʥʠʷ ʵʪʠʭ ʧʝʨʠʦʜʦʚ ʩʦʦʪʥʦʩʷʪʩʷ 

ʢʘʢ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʪʦ ʤʘʢʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʘʙʩʦʣʶʪʥʳʭ 

ʟʥʘʯʝʥʠʡ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʟʥʘʯʝʥʠʡ, ʧʦʩʪʘʚʣʝʥʥʳʭ ʚ ʩʦʦʪ-

ʚʝʪʩʪʚʠʝ ʧʝʨʠʦʜʫ. ɼʦʩʪʦʠʥʩʪʚʘʤʠ ʤʝʪʦʜʘ ʷʚʣʷʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ ʫʩʪʨʘ-

ʥʝʥʠʷ ʬʘʟʦʚʦʡ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʜʨʫʛʠʭ 

ʠ ʩʫʱʝʩʪʚʝʥʥʦʝ ʫʚʝʣʠʯʝʥʠʝ ʜʠʥʘʤʠʯʝʩʢʦʛʦ ʜʠʘʧʘʟʦʥʘ. 

 

ʆʜʥʘʢʦ ʠʩʧʦʣʴʟʫʝʤʳʡ ʤʘʪʝʤʘʪʠʯʝʩʢʠʡ ʘʧʧʘʨʘʪ ʦʩʥʦʚʘʥ ʥʘ ʮʝʣʦ-

ʯʠʩʣʝʥʥʦʡ ʘʨʠʬʤʝʪʠʢʝ, ʢʦʪʦʨʳʡ ʨʝʜʢʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʚ ʠʥʞʝʥʝʨʥʦʡ 

ʧʨʘʢʪʠʢʝ. ʆʩʥʦʚʳ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤ ʩʨʘʚʥʝʥʠʡ ʧʨʠʚʝʜʝʥʳ ʚ ʩʣʝʜʫʶʱʝʤ 

ʨʘʟʜʝʣʝ. 

5.3. ʋʉʊʈɸʅɽʅʀɽ ʌɸɿʆɺʆʁ ʅɽʆɼʅʆɿʅɸʏʅʆʉʊʀ ʅɸ ʆʉ-

ʅʆɺɽ ʈɽʐɽʅʀʗ ʉʀʉʊɽʄʓ ʉʈɸɺʅɽʅʀʁ  

 

ɺʦʟʴʤʝʤ ʜʚʝ ʩʝʨʠʠ ʠʟʤʝʨʝʥʠʡ ʩ ʢʘʨʪʠʥʘʤʠ ʧʝʨʠʦʜʠʯʥʳʭ ʧʦʣʦʩ, 

ʦʜʥʘ ʠʟ ʢʦʪʦʨʳʭ ʠʤʝʝʪ ʮʝʥʫ ʧʦʣʦʩʳ 3, ʜʨʫʛʘʷ ï 5 (ʚ ʥʝʢʦʪʦʨʳʭ ʫʩʣʦʚ-

ʥʳʭ ʝʜʠʥʠʮʘʭ). ʊʦʛʜʘ (ʨʠʩ. 5.5) ʤʳ ʧʦʣʫʯʠʤ ʜʚʘ ʨʘʩʧʨʝʜʝʣʝʥʠʷ, ʢʦʪʦ-

ʨʳʝ ʙʫʜʫʪ ʧʝʨʠʦʜʠʯʥʦ ʤʝʥʷʪʴʩʷ (ʦʪ 0 ʜʦ 3 ʠ ʦʪ 0 ʜʦ 5). 

ɼʝʡʩʪʚʠʪʝʣʴʥʳʤ ʟʥʘʯʝʥʠʝʤ ʜʣʷ ʢʘʞʜʦʡ ʨʘʟʥʦʩʪʠ ʭʦʜʘ ʤʦʞʝʪ ʙʳʪʴ 

ʣʶʙʦʝ ʠʟ ʟʥʘʯʝʥʠʡ, ʦʪʤʝʯʝʥʥʦʝ ʥʘ ʛʨʘʬʠʢʝ çʢʚʘʜʨʘʪʦʤè ʠ çʧʣʶʩʦʤè. 

ʕʪʠ ʟʥʘʯʝʥʠʷ ʧʦʣʫʯʘʶʪʩʷ ʜʦʙʘʚʣʝʥʠʶ ʢ ʩʚʦʝʤʫ ʟʥʘʯʝʥʠʶ ʚʝʣʠʯʠʥ 

ʢʨʘʪʥʳʭ ʧʝʨʠʦʜʫ. ʇʦʩʢʦʣʴʢʫ ʨʝʟʫʣʴʪʘʪ ʧʨʠ ʨʘʟʣʠʯʥʳʭ ʠʟʤʝʨʝʥʠʷʭ 

ʜʦʣʞʝʥ ʙʳʪʴ ʦʜʠʥʘʢʦʚʳʤ (ʠʟʤʝʨʷʝʤ ʦʜʠʥ ʦʙʲʝʢʪ), ʦʪʙʨʘʩʳʚʘʶʪʩʷ ʚʩʝ 

ʥʝʩʦʚʧʘʜʘʶʱʠʝ ʟʥʘʯʝʥʠʷ. ɺʠʜʥʦ, ʯʪʦ ʟʥʘʯʝʥʠʷ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ 

ʦʙʦʠʤ ʥʘʙʦʨʘʤ, ʚʩʝ ʞʝ ʧʦʚʪʦʨʷʶʪʩʷ ʩ ʥʝʢʦʪʦʨʳʤ ʧʝʨʠʦʜʦʤ. ʅʦ ʵʪʦʪ 

ʧʝʨʠʦʜ ʟʥʘʯʠʪʝʣʴʥʦ ʙʦʣʴʰʝ, ʯʝʤ ʧʝʨʠʦʜ ʢʘʞʜʦʡ ʠʟ ʧʠʣʦʦʙʨʘʟʥʳʭ 

ʬʫʥʢʮʠʡ. ʆʥ ʠ ʦʧʨʝʜʝʣʷʝʪ ʜʠʘʧʘʟʦʥ ʦʜʥʦʟʥʘʯʥʦʛʦ ʠʟʤʝʨʝʥʠʷ ʬʘʟʳ ʧʨʠ 

ʠʟʤʝʨʝʥʠʷʭ ʩ ʨʘʟʣʠʯʥʳʤʠ ʧʝʨʠʦʜʘʤʠ. 
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ʈʠʩ. 6.6. ʈʘʩʰʠʨʝʥʠʝ ʜʠʘʧʘʟʦʥʘ ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʜʚʫʭ ʩʠʥʫʩʦʠʜʘʣʴʥʳʭ 

ʢʘʨʪʠʥ ʩ ʧʝʨʠʦʜʘʤʠ, ʢʦʪʦʨʳʝ ʦʪʥʦʩʷʪʩʷ ʢʘʢ 3 ʠ 5. 

 

ʄʦʞʥʦ ʩʦʩʪʘʚʠʪʴ ʪʘʙʣʠʮʫ ʨʝʰʝʥʠʡ, ʧʨʦʩʯʠʪʘʚ ʚʩʝ ʚʦʟʤʦʞʥʳʝ ʩʦ-

ʯʝʪʘʥʠʷ (ʪʘʙ. 5.1). ɺ ʵʪʦʡ ʪʘʙʣʠʮʝ ʞʠʨʥʳʤʠ ʮʠʬʨʘʤʠ ʦʙʦʟʥʘʯʝʥʳ ʨʝ-

ʟʫʣʴʪʘʪʳ ʠʟʤʝʨʝʥʠʡ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʮʝʥʳ ʧʦʣʦʩʳ. ʈʝʟʫʣʴʪʠʨʫʶʱʠʝ 

ʟʥʘʯʝʥʠʷ ʧʦʢʘʟʘʥʳ ʚ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʠʤ ʢʣʝʪʢʘʭ. 

 

ʊʘʙʣʠʮʘ 5.1 

 0 1 2 3 4 

0 0 6 12 3 9 

1 10 1 7 13 4 

2 5 11 2 8 14 

 

ʅʦ ʙʦʣʝʝ ʧʨʦʩʪʦ ʥʘʡʪʠ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʨʝʰʝʥʠʝ.  

ɺ [11, 12] ʧʨʠʚʝʜʝʥ ʤʝʪʦʜ ʚʦʩʩʪʘʥʦʚʣʝʥʠʷ ʘʙʩʦʣʶʪʥʳʭ ʟʥʘʯʝʥʠʡ 

ʠʟʤʝʨʷʝʤʦʡ ʚʝʣʠʯʠʥʳ ʧʦ ʟʥʘʯʝʥʠʷʤ ʥʝʩʢʦʣʴʢʠʭ ʠʟʤʝʨʝʥʠʡ ʚ ʧʨʝʜʝʣʘʭ 

ʨʘʟʣʠʯʥʳʭ ʧʝʨʠʦʜʦʚ. ɺ ʣʠʪʝʨʘʪʫʨʝ ʵʪʦʪ ʤʝʪʦʜ ʧʦʣʫʯʠʣ ʥʘʟʚʘʥʠʝ G-S 

ʘʣʛʦʨʠʪʤ [13-16]. ʄʝʪʦʜ ʦʩʥʦʚʘʥ ʥʘ ʘʧʧʘʨʘʪʝ ʤʦʜʫʣʴʥʦʡ ʘʨʠʬʤʝʪʠʢʠ 

[17, 18]. 
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ɽʩʣʠ ʧʨʦʚʝʩʪʠ ʩʝʨʠʶ ʠʟʤʝʨʝʥʠʡ ʩ ʨʘʟʥʳʤʠ ʮʝʥʘʤʠ ʧʦʣʦʩ im, ʪʦ 

ʤʳ ʧʦʣʫʯʠʤ ʩʝʨʠʶ ʟʥʘʯʝʥʠʡ ʠʟʤʝʨʷʝʤʦʡ ʚʝʣʠʯʠʥʳ 1 2( , , , )nb b b . 

ʂʘʞʜʦʝ ʟʥʘʯʝʥʠʝ ib  ʠʟʤʝʥʷʝʪʩʷ ʚ ʜʠʘʧʘʟʦʥʝ ʦʪ 0 ʜʦ 1im- . ʇʦ ʵʪʠʤ 

ʟʥʘʯʝʥʠʷʤ ʥʘʤ ʥʝʦʙʭʦʜʠʤʦ ʦʧʨʝʜʝʣʠʪʴ ʚʝʣʠʯʠʥʫ ʚʦʣʥʦʚʦʛʦ ʬʨʦʥʪʘ ʚ 

ʙʦʣʴʰʝʤ ʜʠʘʧʘʟʦʥʝ.  

ɺʦʟʥʠʢʘʶʪ ʜʚʘ ʚʦʧʨʦʩʘ:  

 - ʢʘʢ ʵʪʦ ʩʜʝʣʘʪʴ? 

 - ʢʘʢʦʝ ʤʘʢʩʠʤʘʣʴʥʦʝ ʫʚʝʣʠʯʝʥʠʝ ʜʠʘʧʘʟʦʥʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ? 

ɿʘʜʘʯʘ ʨʘʩʰʠʨʝʥʠʷ ʜʠʘʧʘʟʦʥʘ ʠʟʤʝʨʝʥʠʡ ʩʚʦʜʠʪʩʷ ʢ ʟʘʜʘʯʝ ʨʝʝh-

ʥʠʷ ʩʠʩʪʝʤʳ ʩʨʘʚʥʝʥʠʡ.  

ʇʫʩʪʴ ʢʘʞʜʦʤʫ ʮʝʣʦʤʫ ʯʠʩʣʫ ʦʪʚʝʯʘʝʪ ʦʧʨʝʜʝʣʝʥʥʳʡ ʦʩʪʘʪʦʢ ʦʪ 

ʜʝʣʝʥʠʷ ʥʘ ʮʝʣʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ m, ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʝʪʩʷ ʤʦʜʫʣʝʤ. ɽʩ-

ʣʠ ʜʚʫʤ ʮʝʣʳʤ a  ʠ b  ʦʪʚʝʯʘʝʪ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʦʩʪʘʪʦʢ r , ʪʦ ʦʥʠ ʥʘʟʳ-

ʚʘʶʪʩʷ ʨʘʚʥʦʦʩʪʘʪʦʯʥʳʤʠ ʧʦ ʤʦʜʫʣʶ m. ʉʨʘʚʥʠʤʦʩʪʴ ʟʘʧʠʩʳʚʘʝʪʩʷ 
ʢʘʢ 

(mod )a b m¹   
,        (5.7) 

ʛʜʝ ʟʥʘʢ (¹) ʦʙʦʟʥʘʯʘʝʪ ʩʨʘʚʥʝʥʠʝ. 

ʏʠʩʣʘ ʩʨʘʚʥʠʤʳʝ ʧʦ ʤʦʜʫʣʶ m, ʦʙʨʘʟʫʶʪ ʢʣʘʩʩ ʯʠʩʝʣ ʧʦ ʤʦʜʫʣʶ 
m. ʃʶʙʦʝ ʯʠʩʣʦ ʢʣʘʩʩʘ ʥʘʟʳʚʘʝʪʩʷ ʚʳʯʝʪʦʤ ʧʦ ʤʦʜʫʣʶ m. ɺʳʯʝʪ, 
ʨʘʚʥʳʡ ʩʘʤʦʤʫ ʦʩʪʘʪʢʫ r , ʥʘʟʳʚʘʝʪʩʷ ʥʘʠʤʝʥʴʰʠʤ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʤ 

ʚʳʯʝʪʦʤ. ɺʟʷʚ ʦʪ ʢʘʞʜʦʛʦ ʢʣʘʩʩʘ ʧʦ ʦʜʥʦʤʫ ʚʳʯʝʪʫ, ʧʦʣʫʯʠʤ ʧʦʣʥʫʶ 

ʩʠʩʪʝʤʫ ʚʳʯʝʪʦʚ ʧʦ ʤʦʜʫʣʶ m. ʏʘʱʝ ʚʩʝʛʦ ʚ ʢʘʯʝʩʪʚʝ ʧʦʣʥʦʡ ʩʠʩʪʝ-

ʤʳ ʚʳʯʝʪʦʚ ʠʩʧʦʣʴʟʫʶʪ ʥʘʠʤʝʥʴʰʠʝ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʝ ʚʳʯʝʪʳ 0,1,.. , 

1m- . 

ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ ʩʨʘʚʥʝʥʠʡ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ ʩ ʦʜʥʠʤ ʥʝʠʟʚʝʩʪ-

ʥʳʤ: 

( )

( )

1 1mod

modn n

L b m

L b m

ë ¹
î
ì
î ¹í

    ,       (5.8) 

ʛʜʝ b  - ʵʪʦ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ L  ʥʘ ʯʠʩʣʦ m. ʈʝʰʠʪʴ ʩʠʩʪʝʤʫ ʩʨʘʚʥʝ-

ʥʠʡ (5.8) ʟʥʘʯʠʪ ʥʘʡʪʠ ʯʠʩʣʦ L  ʧʦ ʝʛʦ ʦʩʪʘʪʢʘʤ 1 2( , , , )nb b b . 
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ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʯʠʩʣʘ ʧʦ ʥʘʙʦʨʫ ʦʩʪʘʪʢʦʚ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 

çʢʠʪʘʡʩʢʫʶè ʪʝʦʨʝʤʫ ʦʙ ʦʩʪʘʪʢʘʭ. ʏʘʩʪʥʳʡ ʩʣʫʯʘʡ ʵʪʦʡ ʪʝʦʨʝʤʳ ʙʳʣ 

ʩʬʦʨʤʫʣʠʨʦʚʘʥ ʢʠʪʘʡʩʢʠʤ ʤʘʪʝʤʘʪʠʢʦʤ ʉʫʥʴ ʎʶ (ʤʝʞʜʫ 280 ʠ 473 ʛ. 

ʥ.ʵ.). ʇʨʠʤʝʨʥʦ ʚ ʵʪʦ ʞʝ ʩʘʤʦʝ ʚʨʝʤʷ ʛʨʝʯʝʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ʅʠʢʦʤʘʭ 

ʩʬʦʨʤʫʣʠʨʦʚʘʣ ʪʦʪ ʞʝ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ. ʀʟʚʝʩʪʥʳ ʪʘʢʞʝ ʨʘʙʦʪʳ ʤʘʪʝ-

ʤʘʪʠʢʦʚ ʩʨʝʜʥʝʚʝʢʦʚʦʡ ʀʥʜʠʠ, ʧʦʩʚʷʱʝʥʥʳʝ ʵʪʦʡ ʧʨʦʙʣʝʤʝ. ɺ ʦʙʱʝʤ 

ʚʠʜʝ ʪʝʦʨʝʤʘ ʙʳʣʘ ʩʬʦʨʤʫʣʠʨʦʚʘʥʘ ʠ ʜʦʢʘʟʘʥʘ ʏʠʥ ʏʞʫ-ʐʘʦ (Jiushao 

Qin) (1247 ʛ.).  

ʉʫʱʝʩʪʚʫʝʪ ʥʝʩʢʦʣʴʢʦ ʬʦʨʤʫʣʠʨʦʚʦʢ ʢʠʪʘʡʩʢʦʡ ʪʝʦʨʝʤʳ. ʇʨʠʚʝ-

ʜʝʤ ʦʜʥʫ ʠʟ ʥʠʭ [17]. ɽʩʣʠ ʤʦʜʫʣʠ ʷʚʣʷʶʪʩʷ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʤʠ ʯʠʩʣʘ-

ʤʠ, ʪʦ ʚ ʥʝʢʦʪʦʨʦʤ ʜʠʘʧʘʟʦʥʝ ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ.  

 

ʊʝʦʨʝʤʘ. 

ʇʫʩʪʴ ʯʠʩʣʘ iM  ʠ iN  ʦʧʨʝʜʝʣʝʥʳ ʠʟ ʫʩʣʦʚʠʡ  

1 2 n i im m m M m=          (5.9) 

1(mod )i i iM N m¹          (5.10) 

ʠ ʧʫʩʪʴ 

0 1 1 1 2 2 2 1 2(mod )n n n nX M N b M N b M N b m m m¹ + + +     (5.11) 

ʊʦʛʜʘ ʩʦʚʦʢʫʧʥʦʩʪʴ ʟʥʘʯʝʥʠʡ X, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʩʠʩʪʝʤʝ ʩʨʘʚʥʝ-

ʥʠʡ (6.2), ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʨʘʚʥʝʥʠʝʤ 

0 1 2(mod )nX X m m m¹   .      (5.12) 

 

 

ʂʦʵʬʬʠʮʠʝʥʪʳ iM  ʥʘʡʪʠ ʦʯʝʥʴ ʧʨʦʩʪʦ ʠʟ ʨʘʚʝʥʩʪʚʘ (5.9). ʅʝʤʥʦ-

ʛʦ ʩʣʦʞʥʝʝ ʥʘʡʪʠ iN . ʈʝʰʠʪʴ ʩʨʘʚʥʝʥʠʝ (5.10) ʤʦʞʥʦ ʠʣʠ ʧʨʦʩʪʳʤ 

ʧʝʨʝʙʦʨʦʤ iN  ʦʪ 1, 2, 3 ʠ ʪ.ʜ. ʜʦ ʧʝʨʚʦʛʦ ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʛʦ ʩʨʘʚʥʝ-

ʥʠʶ (5.10) ʟʥʘʯʝʥʠʷ. ʉʫʱʝʩʪʚʫʶʪ ʘʥʘʣʠʪʠʯʝʩʢʠʝ ʩʧʦʩʦʙʳ ʥʘ ʦʩʥʦʚʝ 

ʦʙʦʙʱʝʥʥʦʛʦ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ [15], ʥʦ ʤʳ ʠʭ ʥʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤ, ʧʦ-

ʩʢʦʣʴʢʫ ʚʨʝʤʷ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʵʪʠʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʥʝ ʚʘʞʥʦ. ʇʦʵʪʦ-

ʤʫ ʙʦʣʝʝ ʧʨʦʩʪʦ ʨʝʘʣʠʟʦʚʘʪʴ ʢʦʤʧʴʶʪʝʨʥʫʶ ʧʨʦʮʝʜʫʨʫ ʧʝʨʝʙʦʨʘ. 

ʀʟ çʢʠʪʘʡʩʢʦʡ ʪʝʦʨʝʤʳè ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʦʪʚʝʪ ʠ ʥʘ ʚʪʦʨʦʡ ʚʦ-

ʧʨʦʩ. ɽʩʣʠ ʤʦʜʫʣʠ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʪʦ ʤʘʢʩʠʤʘʣʴʥʦʝ ʨʘʩʰʠʨʝ-
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ʥʠʝ ʜʠʘʧʘʟʦʥʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʵʪʠʭ ʤʦʜʫʣʝʡ. ʕʪʦ ʚʠʜʥʦ 

ʠʟ ʚʳʨʘʞʝʥʠʷ (5.12). 

ɺ ʢʥʠʛʝ çʄʘʪʝʤʘʪʠʯʝʩʢʦʝ ʨʫʢʦʚʦʜʩʪʚʦè ʉʫʥʴ ʎʶ ʧʨʠʚʝʜʝʥ ʩʣʝ-

ʜʫʶʱʠʡ ʘʣʛʦʨʠʪʤ ʜʣʷ ʧʦʜʩʯʝʪʘ ʩʦʣʜʘʪ [19]. 

 
ʆʪʜʘʚʘʣʠʩʴ ʦʜʥʦʪʠʧʥʳʝ ʨʘʩʧʦʨʷ-

ʞʝʥʠʷ:   

çɺ ʢʦʣʦʥʥʫ ʧʦ 7 ʩʪʘʥʦʚʠʩʴ!è 

çɺ ʢʦʣʦʥʥʫ ʧʦ 11 ʩʪʘʥʦʚʠʩʴ!è 

çɺ ʢʦʣʦʥʥʫ ʧʦ 13 ʩʪʘʥʦʚʠʩʴ!è 

çɺ ʢʦʣʦʥʥʫ ʧʦ 17 ʩʪʘʥʦʚʠʩʴ!è 

ʇʦʩʣʝ ʢʘʞʜʦʛʦ ʧʝʨʝʩʪʨʦʝʥʠʷ ʧʦʜ-

ʩʯʠʪʳʚʘʣʦʩʴ ʯʠʩʣʦ ʩʦʣʜʘʪ ʚ ʥʝʧʦʣ-

ʥʦʤ ʨʷʜʫ.   

 

ʇʦʣʴʟʫʷʩʴ ʪʝʦʨʝʤʦʡ ʤʦʞʥʦ ʣʝʛʢʦ ʧʦʜʩʯʠʪʘʪʴ ʦʙʱʝʝ ʯʠʩʣʦ ʩʦʣʜʘʪ, ʝʩʣʠ 

ʠʭ ʯʠʩʣʦ ʥʝ ʧʨʝʚʦʩʭʦʜʠʪ 7 11 13 17 17017³ ³ ³ = . 

ʈʘʩʩʤʦʪʨʠʤ ʵʪʫ ʟʘʜʘʯʫ ʙʦʣʝʝ ʧʦʜʨʦʙʥʦ. ʌʘʢʪʠʯʝʩʢʠ ʥʘʤ ʥʘʜʦ ʨʝ-

ʰʠʪʴ ʩʠʩʪʝʤʫ ʩʨʘʚʥʝʥʠʡ. 

()

()

( )

( )

1

2

3

3

mod 7

mod 11

mod 13

mod 17

L b

L b

L b

L b

ë ¹
î
¹î

ì
¹î

î
¹í

 

ʅʘʡʜʝʤ iM : 

1

7 11 13 17
2431

7
M

³ ³ ³
= =  , 

2

7 11 13 17
1547

11
M

³ ³ ³
= = , 

3

7 11 13 17
1309

13
M

³ ³ ³
= = ,  

4

7 11 13 17
1001

17
M

³ ³ ³
= =  

ʅʘʡʜʝʤ iN : 1 1 1 mod(7)M N ¹ , 
12431 1 mod(7)NÖ ¹ . ʆʪʢʫʜʘ 

1 4N =

. ɸʥʘʣʦʛʠʯʥʦ: 
2 8N = , 

3 3N = , 
4 8N = . ʇʦʣʫʯʠʚ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ 

iM  

ʠ 
iN , ʤʳ ʤʦʞʝʤ ʟʘʧʠʩʘʪʴ ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ: 
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0 1 1 1 2 2 2 3 3 3 4 4 4

1 2 3 4

1 2 3 4

(mod7 11 13 17)

2431 4 1547 8 1309 3 1001 8 (mod 17017)

9724 12376 3927 8008 (mod 17017)

X M N b M N b M N b M N b

b b b b

b b b b

¹ + + + Ö Ö Ö ¹

¹ Ö + Ö + Ö + Ö ¹

¹ Ö + Ö + Ö + Ö

 

ʇʦʜʩʪʘʚʠʚ ʚ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʯʠʩʣʦ ʩʦʣʜʘʪ ʚ ʦʩʪʘʚʰʝʤʩʷ ʨʷʜʫ, ʤʦ-

ʞʝʤ ʩʨʘʟʫ ʧʦʜʩʯʠʪʘʪʴ ʦʙʱʝʝ ʢʦʣʠʯʝʩʪʚʦ. ʇʫʩʪʴ 

1 2 3 40, 0, 0, 1b b b b= = = = ʩʨʘʟʫ ʧʦʣʫʯʠʤ 8008. ʂʦʥʝʯʥʦ, ʜʠʘʧʘʟʦʥ 

ʠʟʤʝʨʝʥʠʡ (17 017) ʜʦʩʪʘʪʦʯʥʦ ʥʝʚʝʣʠʢ. ʅʦ ʝʩʣʠ ʚʚʝʩʪʠ ʝʱʝ ʦʜʥʦ ʠʟ-

ʤʝʨʝʥʠʝ, ʥʘʧʨʠʤʝʨ ʩ ʤʦʜʫʣʝʤ 19, ʪʦ ʜʠʘʧʘʟʦʥ ʩʫʱʝʩʪʚʝʥʥʦ ʫʚʝʣʠʯʠʪ-

ʩʷ (7 11 13 17 19 323 323³ ³ ³ ³ = ). 

ʂʦʥʝʯʥʦ, ʫʨʦʚʝʥʴ ʧʦʜʛʦʪʦʚʢʠ ʩʦʚʨʝʤʝʥʥʳʭ ʦʬʠʮʝʨʦʚ ʧʦʟʚʦʣʷʝʪ 

ʫʩʦʤʥʠʪʴʩʷ ʚ ʧʨʘʢʪʠʯʝʩʢʦʡ ʟʥʘʯʠʤʦʩʪʠ ʧʦʜʦʙʥʳʭ ʨʘʩʯʝʪʦʚ. 

ɼʨʫʛʠʤ ʥʝʜʦʩʪʘʪʢʦʤ ʵʪʦʛʦ ʘʣʛʦʨʠʪʤʘ ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ ʨʝʰʝʥʠʝ ʩʠ-

ʩʪʝʤʳ ʩʨʘʚʥʝʥʠʡ ʟʘʜʘʯʘ ʥʝʫʩʪʦʡʯʠʚʘʷ. ɼʘʞʝ ʥʝʙʦʣʴʰʠʝ ʧʦʛʨʝʰʥʦʩʪʠ 

ʧʨʠ ʠʟʤʝʨʝʥʠʷʭ ʥʘʯʘʣʴʥʳʭ ʟʥʘʯʝʥʠʡ ib  ʧʨʠʚʦʜʷʪ ʢ ʟʥʘʯʠʪʝʣʴʥʳʤ 

ʦʰʠʙʢʘʤ ʧʨʠ ʦʧʨʝʜʝʣʝʥʠʠ ʧʦʣʥʦʛʦ ʟʥʘʯʝʥʠʷ ʠʟʤʝʨʷʝʤʦʡ ʚʝʣʠʯʠʥʳ.  

ʇʫʩʪʴ 
1 2 3 40, 0, 1, 1b b b b= = = =, ʪʦʛʜʘ ʧʦʣʫʯʠʤ 11 939. ʊ.ʝ. ʝʩʣʠ 

ʩʣʫʯʘʡʥʦ ʚ ʨʝʟʫʣʴʪʘʪʝ ʧʝʨʝʩʪʨʦʝʥʠʡ ʚʩʝʛʦ ʦʜʠʥ ʩʦʣʜʘʪ ʚʩʪʘʥʝʪ ʥʝ ʥʘ 

ʩʚʦʝ ʤʝʩʪʦ, ʤʳ ʧʦʣʫʯʠʤ ʩʦʚʝʨʰʝʥʥʦ ʥʝʧʨʘʚʠʣʴʥʳʡ ʨʝʟʫʣʴʪʘʪ. 

ʉ ʨʘʟʚʠʪʠʝʤ ʢʦʤʧʴʶʪʝʨʥʦʡ ʪʝʭʥʠʢʠ ʩʣʦʞʥʦʩʪʴ ʚʳʯʠʩʣʝʥʠʡ ʧʝʨʝ-

ʩʪʘʣʘ ʷʚʣʷʪʩɹʷ ʩʫʱʝʩʪʚʝʥʥʦʡ ʧʨʝʛʨʘʜʦʡ. ʆʜʥʘʢʦ ʥʝʫʩʪʦʡʯʠʚʦʩʪʴ ʨʝ-

ʰʝʥʠʷ ʥʝ ʧʦʟʚʦʣʷʣʘ ʜʦʣʛʠʝ ʛʦʜʳ ʠʩʧʦʣʴʟʦʚʘʪʴ çʢʠʪʘʡʩʢʫʶ ʪʝʦʨʝʤʫè ʚ 

ʠʥʞʝʥʝʨʥʳʭ ʨʘʩʯʝʪʘʭ. ʈʘʩʩʤʦʪʨʠʤ, ʢʘʢ ʵʪʦ ʦʛʨʘʥʠʯʝʥʠʝ ʤʦʞʥʦ ʧʨʝ-

ʦʜʦʣʝʪʴ.  

5.4. ɻɽʆʄɽʊʈʀʏɽʉʂʀʁ ʇʆɼʍʆɼ ʂ ʈɽʐɽʅʀʖ ɿɸɼɸʏ ʄʆ-

ɼʋʃʗʈʅʆʁ ɸʈʀʌʄɽʊʀʂʀ 

ʄʝʪʦʜ ʤʦʜʫʣʷʨʥʦʡ ʘʨʠʬʤʝʪʠʢʠ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦʙʳ ʦʧʝʨʠʨʦʚʘʪʴ 

ʥʝ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʯʠʩʣʦʤ a, ʘ ʝʛʦ ʦʩʪʘʪʢʘʤʠ ʦʪ ʜʝʣʝʥʠʷ ʥʘ ʥʝʢʦʪʦ-

ʨʳʝ ʯʠʩʣʘ im . ʅʘʭʦʞʜʝʥʠʝ ʯʠʩʣʘ ʚ ʦʙʳʯʥʦʤ ʧʦʟʠʮʠʦʥʥʦʤ ʧʨʝʜʩʪʘʚʣʝ-

ʥʠʠ ʷʚʣʷʝʪʩʷ ʦʜʥʦʡ ʠʟ ʮʝʣʝʡ ʤʦʜʫʣʷʨʥʦʡ ʘʨʠʬʤʝʪʠʢʠ. 

ʄʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ʠʩʪʦʣʢʦʚʘʥʠʝ ʦʜʥʦʛʦ ʩʨʘʚʥʝ-

ʥʠʷ (5.7). ʇʫʩʪʴ m  ʜʣʷ ʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʨʘʚʥʦ 7. ʇʨʝʜʩʪʘʚʠʤ ʩʝʙʝ, ʯʪʦ 

ʯʠʩʣʦʚʘʷ ʧʨʷʤʘʷ ʮʝʣʳʭ ʯʠʩʝʣ ʥʘʚʝʨʥʫʪʘ ʥʘ ʦʢʨʫʞʥʦʩʪʴ ʜʣʠʥʳ 7 ʪʘʢ, 
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ʯʪʦ ʯʠʩʣʘ 7, 14, 21, ʠ ʪ.ʜ. ʧʦʧʘʜʘʶʪ ʥʘ ʥʫʣʝʚʫʶ ʪʦʯʢʫ, ʯʠʩʣʘ 1, 8, 15,é, 

ʘ ʪʘʢʞʝ -6, -13, -20,   ʩʦʚʤʝʱʘʶʪʩʷ ʩʦ ʩʣʝʜʫʶʱʝʡ ʮʝʣʦʯʠʩʣʝʥʥʦʡ ʪʦʯ-

ʢʦʡ ʦʢʨʫʞʥʦʩʪʠ ʠ ʪ.ʜ. [20]. (ʈʠʩ.5.6). 

 

 
ʈʠʩ. 5.6 ð ɻʝʦʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʩʨʘʚʥʝʥʠʷ  a ḳ b (mod 7) 

 

ʇʨʠ ʦʜʥʦʤ ʩʨʘʚʥʝʥʠʠ ʯʠʩʣʦʚʘʷ ʧʨʷʤʘʷ ʥʘʢʨʫʯʠʚʘʝʪʩʷ ʥʘ ʦʢʨʫʞ-

ʥʦʩʪʴ. ʈʘʩʩʤʦʪʨʠʤ, ʢʘʢ ʚʳʛʣʷʜʠʪ ʛʝʦʤʝʪʨʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʨʝʰʝ-

ʥʠʷ ʩʠʩʪʝʤʳ ʩʨʘʚʥʝʥʠʡ ʧʨʠ ʜʚʫʭ ʤʦʜʫʣʷʭ. 

ʈʘʩʩʤʦʪʨʠʤ ʩʣʫʯʘʡ ʜʣʷ ʜʚʫʭ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʭ ʤʦʜʫʣʝʡ. ʇʫʩʪʴ: 

m1 = 11, m2 = 17. ɺ ʵʪʦʤ ʩʣʫʯʘʝ: M1 = 17, M2 = 11, N1 = 2, N2 = 14. ʈʝ-

ʰʝʥʠʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: 

0 1 234 154 (mod187)X b b= +         (5.13) 

ʅʘ ʨʠʩ. 5.7 ʧʦʢʘʟʘʥʘ ʪʘʙʣʠʮʘ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʠʟ 

ʜʚʫʭ ʩʨʘʚʥʝʥʠʡ ʩ ʤʦʜʫʣʷʤʠ ʨʘʚʥʳʤʠ m1=11 ʠ m2=17. ʇʝʨʚʘʷ ʩʪʨʦʢʘ ʠ 

ʧʝʨʚʳʡ ʩʪʦʣʙʝʮ ï ʟʥʘʯʝʥʠʷ ʦʩʪʘʪʢʦʚ, ʥʘ ʧʝʨʝʩʝʯʝʥʠʠ ʨʝʟʫʣʴʪʘʪʳ ʨʝʰʝ-

ʥʠʷ ʩʠʩʪʝʤʳ ʩʨʘʚʥʝʥʠʡ.  

ɺʠʜʥʦ, ʯʪʦ ʯʠʩʣʘ ʚʦʟʨʘʩʪʘʶʪ ʦʪ 0 ʜʦ m1-1 ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʦ 

ʛʣʘʚʥʦʡ ʜʠʘʛʦʥʘʣʠ, ʘ ʟʘʪʝʤ ʧʦ ʜʠʘʛʦʥʘʣʷʤ, ʧʦʢʘʟʘʥʥʳʤ ʥʘ ʨʠʩʫʥʢʝ 

ʩʪʨʝʣʢʘʤʠ.  
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ʈʠʩ.5.7. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʝ ʠʟʤʝʥʝʥʠʝ ʯʠʩʝʣ ʚ ʪʘʙʣʠʮʝ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʩʨʘʚ-

ʥʝʥʠʡ ʩ m1=11 ʠ m2=17 (b1 ʤʝʥʷʝʪʩʷ ʦʪ 0 ʜʦ 10, b2 ʦʪ 0 ʜʦ 16). 

 

ɽʩʣʠ ʥʝʧʨʝʨʳʚʥʦ ʩʦʝʜʠʥʠʪʴ ʧʨʦʜʦʣʞʝʥʠʷ ʜʠʘʛʦʥʘʣʝʡ ʧʨʠ ʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʤ ʚʦʟʨʘʩʪʘʥʠʠ ʯʠʩʝʣ ʤʦʞʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʧʨʠ ʩʢʣʝʡʢʝ 

ʚʝʨʭʥʝʡ ʠ ʥʠʞʥʝʡ ʛʦʨʠʟʦʥʪʘʣʴʥʳʭ ʩʪʨʦʢ ʠ ʣʝʚʦʛʦ ʠ ʧʨʘʚʦʛʦ ʩʪʦʣʙʮʘ 

ʦʙʨʘʟʫʝʪʩʷ ʪʦʨ (ʨʠʩ. 5.8 ʘ).  

 
ʈʠʩ. 5.8. ʘ) ʊʦʨ, ʦʙʨʘʟʫʶʱʠʡʩʷ ʚ ʨʝʟʫʣʴʪʘʪʝ ʩʢʣʝʡʢʠ ʪʘʙʣʠʮʳ ʨʝʰʝʥʠʡ. 

ʙ) ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʝ ʚʦʟʨʘʩʪʘʥʠʝ ʯʠʩʝʣ ʧʦ ʜʠʘʛʦʥʘʣʷʤ ʚ ʪʘʙʣʠʮʝ ʨʝʰʝʥʠʡ ʧʨʠ 

ʦʪʦʙʨʘʞʝʥʠʠ ʥʘ ʧʦʚʝʨʭʥʦʩʪʴ ʜʚʫʤʝʨʥʦʛʦ ʪʦʨʘ. 

 

ʈʘʟʨʝʞʝʤ ʪʦʨ ʚʜʦʣʴ ʦʜʥʦʛʦ ʠʟ ʩʚʦʠʭ ʤʝʨʠʜʠʘʥʦʚ. ʊʦʛʜʘ ʦʥ ʧʨʝ-

ʚʨʘʱʘʝʪʩʷ ʚ ʢʨʫʛʦʚʦʡ ʮʠʣʠʥʜʨ ʩ ʜʚʫʤʷ ʢʨʘʝʚʳʤʠ ʦʢʨʫʞʥʦʩʪʷʤʠ [21]. 

ɿʘʢʨʝʧʠʤ ʥʝʧʦʜʚʠʞʥʦ ʦʜʥʫ ʦʢʨʫʞʥʦʩʪʴ ʠ ʩʪʘʥʝʤ ʟʘʢʨʫʯʠʚʘʪʴ ʮʠʣʠʥʜʨ 

ʚʦʢʨʫʛ ʩʝʙʷ ʪʘʢ, ʯʪʦʙʳ ʚʪʦʨʘʷ ʦʢʨʫʞʥʦʩʪʴ ʩʜʝʣʘʣʘ k-ʦʙʦʨʦʪʦʚ. ɺʩʷʢʘʷ 

ʧʨʷʤʦʣʠʥʝʡʥʘʷ ʦʙʨʘʟʫʶʱʘʷ ʮʠʣʠʥʜʨʘ ʧʨʠ ʵʪʦʤ ʦʙʨʘʪʠʪʩʷ ʚ ʚʠʥʪʦʚʫʶ 

ʣʠʥʠʶ, ʦʙʭʦʜʷʱʫʶ ʦʩʴ ʮʠʣʠʥʜʨʘ k-ʨʘʟ. ɽʩʣʠ ʩʥʦʚʘ ʩʢʣʝʠʪʴ ʦʙʘ ʢʨʘʷ, 
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ʪʦ ʧʦʣʫʯʠʤ ʪʦʧʦʣʦʛʠʯʝʩʢʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʪʦʨʘ ʥʘ ʩʘʤʦʛʦ ʩʝʙʷ. ʇʨʠ ʪʘ-

ʢʦʤ ʦʪʦʙʨʘʞʝʥʠʠ ʪʦʨʘ, ʧʘʨʘʣʣʝʣʠ ʪʦʨʘ ʧʨʝʚʨʘʪʠʣʠʩʴ ʚ ʚʠʥʪʦʦʙʨʘʟʥʳʝ 

ʢʨʠʚʳʝ ʠ ʥʘʦʙʦʨʦʪ (ʨʠʩ. 5.8 ʙ).  

ʈʝʰʝʥʠʷ ʩʠʩʪʝʤʳ ʩʨʘʚʥʝʥʠʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʙʫʜʫʪ ʚʦʟʨʘʩʪʘʪʴ ʧʦ 

ʩʧʠʨʘʣʠ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʪʦʨʘ (ʨʠʩ. 5.8 ʙ) ʦʪ 0 ʜʦ 1 2m m .  

5.5. ɹʓʉʊʈʓʁ ɸʃɻʆʈʀʊʄ ʅɸ ʆʉʅʆɺɽ ɸʅɸʃʀɿɸ ʊɸɹʃʀʎʓ 

ʈɽʐɽʅʀʁ 

 

ɿʘʜʘʯʫ ʧʝʨʝʚʦʜʘ ʦʧʨʝʜʝʣʝʥʠʷ ʯʠʩʣʘ ʧʦ ʝʛʦ ʦʩʪʘʪʢʘʤ, ʤʦʞʥʦ ʩʚʝʩʪʠ 

ʢ ʟʘʜʘʯʝ ʦʧʨʝʜʝʣʝʥʠ ̫ʥʘʯʘʣʴʥʦʛʦ ʟʥʘʯʝʥʠʷ ʚʠʪʢʘ ʪʦʨʘ ʠ ʯʠʩʣʘ ʪʦʯʝʢ ʥʘ 

ʵʪʦʤ ʚʠʪʢʝ. ʕʪʦʪ ʧʦʜʭʦʜ ʤʳ ʥʘʟʚʘʣʠ ʛʝʦʤʝʪʨʠʯʝʩʢʠʤ.  

ɼʣʷ ʫʜʦʙʩʪʚʘ ʤʳ ʚʳʯʠʩʣʷʝʤ ʥʘʯʘʣʴʥʳʝ ʟʥʘʯʝʥʠʷ ʥʘ ʚʠʪʢʘʭ ʪʦʨʘ. 

ʅʦʤʝʨʘ ʚʠʪʢʦʚ ʧʦʢʘʟʘʥʳ ʚʦ ʚʪʦʨʦʡ ʩʪʨʦʢʝ ʠ ʚʪʦʨʦʤ ʩʪʦʣʙʮʝ ʪʘʙʣʠʮʳ 

ʥʘ ʨʠʩ. 5.7. ɼʣʷ ʢʦʥʢʨʝʪʥʦʛʦ ʩʣʫʯʘʷ: 1m  = 11, 2m  = 17:   

1M  = 17, 2M  = 11, 1N  = 2, 2N  = 14. 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʨʘʟʤʝʨ ʚʠʪʢʘ ʨʘʚʝʥ ʤʠʥʠʤʘʣʴʥʦʤʫ ʟʥʘʯʝʥʠʶ im  

( 1m  =  11 ). 

ʏʠʩʣʦ ʚʠʪʢʦʚ ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʦ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ʇʦʩʢʦʣʴ-

ʢʫ   

0 1 1 1 2 2 2 1 2(mod )X M N b M N b m m¹ +   ,     (5.14) 

ʚ ʥʫʣʝʚʦʡ ʩʪʨʦʢʝ (1 0b = ) 

[ ]2 2 1 2 1[ ] int ( (mod )) /n i M N i m m m=  ,      (5.15)  

ʛʜʝ []int  - ʮʝʣʘʷ ʯʘʩʪʴ ʯʠʩʣʘ, ʘ i=0, é 2m -1. 

ɼʣʷ ʥʫʣʝʚʦʛʦ ʩʪʦʣʙʮʘ  

[ ]1 1 1 2 1[ ] int (mod ) /n j M N j m m m=   ,     (5.16)  

ʛʜʝ j=0, é 1m -1. 

ʊʦʛʜʘ ʩʨʘʟʫ ʞʝ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʩʘʤʦ ʯʠʩʣʦ X ʜʣʷ ʩʣʫʯʘʷ 

2 1 0i b b= - ² 

1 1[ ]X n i m b= Ö +      (5.17) 
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ʂ ʩʦʞʘʣʝʥʠʶ, ʧʦ ʵʪʦʡ ʜʚʫʤʝʨʥʦʡ ʪʘʙʣʠʮʝ ʪʨʫʜʥʦ ʧʨʦʩʣʝʜʠʪʴ ʧʦʣ-

ʥʳʝ ʚʠʪʢʠ. ʊʦʣʴʢʦ 0 ʚʠʪʦʢ ʧʦʣʥʦʩʪʴʶ ʧʦʤʝʱʘʝʪʩʷ ʥʘ ʦʜʥʦʡ ʜʠʘʛʦʥʘʣʠ, 

ʜʨʫʛʠʝ ʚʠʪʢʠ ʥʘʯʠʥʘʶʪʩʷ ʚ ʥʫʣʝʚʦʡ ʩʪʨʦʢʝ ʠ ʧʨʦʜʦʣʞʘʶʪʩʷ ʥʘ ʜʠʘʛʦ-

ʥʘʣʷʭ, ʥʘʯʠʥʘʶʱʠʭʩʷ ʩ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʟʥʘʯʝʥʠʷʭ ʥʘ ʩʪʦʣʙʮʘʭ. ʇʦ-

ʵʪʦʤʫ ʧʨʠʜʝʪʩʷ ʭʨʘʥʠʪʴ ʜʚʘ ʤʘʩʩʠʚʘ ʢʦʣʠʯʝʩʪʚʘ ʚʠʪʢʦʚ ʧʦ ʩʪʨʦʢʘʤ ʠ 

ʧʦ ʩʪʦʣʙʮʘʤ (ʥʘ ʨʠʩ.5.6 ï ʚʪʦʨʘʷ ʩʪʨʦʢʘ ʠ ʚʪʦʨʦʡ ʩʪʦʣʙʝʮ). ʏʪʦʙʳ ʠʟ-

ʙʝʞʘʪʴ ʵʪʦʛʦ ʧʨʝʜʩʪʘʚʠʤ ʪʘʙʣʠʮʫ ʚ ʚʠʜʝ, ʧʦʢʘʟʘʥʥʦʤ ʥʘ ʨʠʩ. 5.9. 

ɼʣʷ ʩʣʫʯʘʷ, ʢʦʛʜʘ 
2 1 0b b- <, ʚ ʪʘʙʣʠʮʝ ʨʝʰʝʥʠʡ ʟʥʘʯʝʥʠ ̫ʥʠʞʝ 0 

ʜʠʘʛʦʥʘʣʠ ʩʠʤʤʝʪʨʠʯʥʦ ʦʪʦʙʨʘʞʘʶʪʩʷ (ʨʠʩ. 6.6). 

 
ʈʠʩ. 5.9. ʆʧʨʝʜʝʣʝʥʠʝ ʯʠʩʣʘ ʚʠʪʢʦʚ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʪʦʨʘ.  

 
ɺʳʨʘʞʝʥʠʝ (5.17) ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʙʫʜʝʪ ʚʳʛʣʷʜʝʪʴ ʢʘʢ  

( )2 2 1 2 1 1modX N b b m m bè ø= - Ö +ê ú ,         ʝʩʣʠ   2 1 0b b- ²     (5.18ʘ) 

( )2 2 1 2 2 1 1modX N b b m m m bè ø= - + Ö +ê ú , ʝʩʣʠ   2 1 0b b- <    (5.18ʙ) 

 

ɸʣʛʦʨʠʪʤ ʜʣʷ ʜʚʫʭ ʤʦʜʫʣʝʡ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʩʣʝʜʫʶʱʝʤ ʚʠʜʝ. 

1. ʌʦʨʤʠʨʫʝʤ ʤʘʩʩʠʚ a[i] (ʪʨʝʪʴʷ ʩʪʨʦʢʘ ʚ ʪʘʙʣʠʮʝ ʥʘ ʨʠʩ.6.6) 

[ ]2 2 1[ ] (mod )a i N i m m= Ö Ö ,  20, , 1i m= -      (5.19) 

2. ʅʘʭʦʜʠʤ ʠʥʜʝʢʩ ʚ ʤʘʩʩʠʚʝ. 

2 1i b b= -,         ʝʩʣʠ   2 1 0b b- ²      (5.20ʘ) 

2 1 2i b b m= - +,  ʝʩʣʠ   2 1 0b b- <     (5.20ʙ) 

3. ʅʘʭʦʜʠʤ ʨʝʟʫʣʴʪʠʨʫʶʱʝʝ ʟʥʘʯʝʥʠʝ ʚ ʪʘʙʣʠʮʝ. 
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1[ ]X a i b= +  .        (5.21) 

ɺ ʘʣʛʦʨʠʪʤʝ ʥʘʠʙʦʣʝʝ ʪʨʫʜʦʝʤʢʠʤ ʷʚʣʷʝʪʩʷ ʧʝʨʚʳʡ ʵʪʘʧ, ʥʦ ʦʥ 

ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʣʴʢʦ ʦʜʠʥ ʨʘʟ ʧʝʨʝʜ ʥʘʯʘʣʦʤ ʠʟʤʝʨʝʥʠʡ. ɺ ʧʨʦʮʝʩʩʝ 

ʠʟʤʝʨʝʥʠʡ ʚʳʧʦʣʥʷʶʪʩʷ ʵʪʘʧʳ 2 ʠ 3, ʢʦʪʦʨʳʝ ʨʝʘʣʠʟʫʶʪʩʷ ʩ ʧʦʤʦʱʴʶ 

ʦʩʥʦʚʥʳʭ ʦʧʝʨʘʮʠʡ ʢʦʤʧʴʶʪʝʨʘ, ʧʦʵʪʦʤʫ ʚʳʧʦʣʥʷʶʪʩʷ ʙʳʩʪʨʦ. 

ʆʜʥʘʢʦ ʵʪʦʪ ʧʨʦʮʝʩʩ ʤʦʞʥʦ ʝʱʝ ʫʩʢʦʨʠʪʴ. ɼʣʷ ʵʪʦʛʦ ʥʝʦʙʭʦʜʠʤʦ 

ʭʨʘʥʠʪʴ ʨʘʩʰʠʨʝʥʥʳʡ ʤʘʩʩʠʚ [ ]n i  ʨʘʟʤʝʨʦʤ 1 2 1m m+ -, ʛʜʝ i  ʤʝʥ̫-

ʝʪʩʷ ʦʪ 1m  ʜʦ 2 1m -. ʆʪʨʠʮʘʪʝʣʴʥʳʝ ʠʥʜʝʢʩʳ ʚ ʵʪʦʤ ʤʘʩʩʠʚʝ ʙʫʜʫʪ 

ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʚʪʦʨʦʤʫ ʩʪʦʣʙʮʫ ʥʘ ʨʠʩ. 5.9. ʕʪʦʪ ʤʘʩʩʠʚ ʥʘ ʨʠʩ .5.10 

ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚʪʦʨʦʡ ʩʪʨʦʢʝ.  

ʊʦʛʜʘ  

2 1 1 1[ ]X n b b m b= - Ö +        (5.22) 

 

 
ʈʠʩ. 5.9. ʆʧʨʝʜʝʣʝʥʠʝ ʯʠʩʣʘ ʚʠʪʢʦʚ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʪʦʨʘ ʩ ʧʦʤʦʱʴʶ ʨʘʩʠh-

ʨʝʥʥʦʛʦ ʤʘʩʩʠʚʘ [ ]n i .  

 

ʅʘʧʨʠʤʝʨ: ʝʩʣʠ 1 10b =  ʠ 2 0b = : 2 1 10b b- =-, 2 1[ ]n b b- =13, 

2 1 1[ ]n b b m- Ö=143, 2 1 1 1[ ]n b b m b- Ö +=153. 

5.6. ɸʅɸʃʀɿ ʊɸɹʃʀʎʓ ʉʈɸɺʅɽʅʀʁ ʇʈʀ ʅɸʃʀʏʀʀ ʆʐʀ-

ɹʆʏʅʓʍ ʅɸʏɸʃʔʅʓʍ ɼɸʅʅʓʍ 

ʅʘ ʨʠʩ. 5.10 ʧʦʢʘʟʘʥ ʬʨʘʛʤʝʥʪ ʪʘʙʣʠʮʳ ʨʝʰʝʥʠʡ ʩ ʤʦʜʫʣʷʤʠ 

1 53m =  ʠ 2 63m = . ɽʩʣʠ ʤʦʜʫʣʠ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʪʦ ʤʘʢʩʠ-
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ʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʵʪʠʭ ʤʦʜʫʣʝʡ. ɺ ʵʪʦʤ 

ʩʣʫʯʘʝ ʤʘʢʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʤʦʞʝʪ ʩʦʩʪʘʚʠʪʴ 53 63 3339³ = . 

 

 
ʈʠʩ. 5.10. ʌʨʘʛʤʝʥʪ ʪʘʙʣʠʮʳ ʨʝʰʝʥʠʷ ʩ ʤʦʜʫʣʷʤʠ 

1 53m =  ʠ 
2 63m = . ɺ ʪʘʙ-

ʣʠʮʝ ʚʳʜʝʣʝʥʳ ʜʠʘʛʦʥʘʣʠ, ʟʥʘʯʝʥʠʷ ʥʘ ʢʦʪʦʨʳʭ ʤʝʥʴʰʝ 6. 

 

ɽʩʣʠ ʦʛʨʘʥʠʯʠʪʴ ʤʘʢʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʦʧʨʝʜʝʣʝʥʠʷ, ʪʦ ʚʠʪʢʠ 

ʙʫʜʫʪ ʨʘʟʨʝʞʝʥʳ. ʕʪʦ ʧʨʠʚʝʜʝʪ ʢ ʪʦʤʫ, ʯʪʦ ʚ ʪʘʙʣʠʮʝ ʧʦʷʚʷʪʩʷ ʨʘʟʨʝ-

ʞʝʥʥʳʝ ʜʠʘʛʦʥʘʣʠ. ʅʘ ʵʪʠʭ ʜʠʘʛʦʥʘʣʷʭ ʙʫʜʫʪ ʣʝʞʘʪʴ ʯʠʩʣʘ, ʧʦʧʘʜʘʶ-

ʱʠʝ ʚ ʚʳʙʨʘʥʥʳʡ ʜʠʘʧʘʟʦʥ, ʘ ʟʥʘʯʝʥʠʷ ʤʝʞʜʫ ʜʠʘʛʦʥʘʣʷʤʠ ʙʫʜʫʪ ʣʝ-

ʞʘʪʴ ʟʘ ʧʨʝʜʝʣʘʤʠ ʵʪʦʛʦ ʜʠʘʧʘʟʦʥʘ (ʈʠʩ. 5.11).  

 
ʈʠʩ. 5.11 ʊʘʙʣʠʮʘ ʨʝʰʝʥʠʡ ʩ ʤʦʜʫʣʷʤʠ m1=53 ʠ m2=63 (ʩʧʨʘʚʘ ʫʚʝ-

ʣʠʯʝʥʥʘʷ ʯʘʩʪʴ ʪʘʙʣʠʮʳ ʩ ʯʠʩʣʝʥʥʳʤʠ ʟʥʘʯʝʥʠʷʤʠ). 

 

ɽʩʣʠ ʫ ʥʘʩ ʝʩʪʴ ʘʧʨʠʦʨʥʘʷ ʠʥʬʦʨʤʘʮʠʷ ʦ ʤʘʢʩʠʤʘʣʴʥʦʤ ʨʘʟʤʘʭʝ 

ʦʪʢʣʦʥʝʥʠʡ ʧʨʦʬʠʣʷ, ʪʦ ʦʛʨʘʥʠʯʠʚ ʵʪʠʤ ʟʥʘʯʝʥʠʝʤ ʜʦʧʫʩʪʠʤʳʡ ʜʠʘ-

ʧʘʟʦʥ, ʤʦʞʥʦ ʫʚʠʜʝʪʴ, ʯʪʦ ʧʨʘʚʠʣʴʥʳʝ ʠʟʤʝʨʝʥʠʷ ʜʘʜʫʪ ʥʘʤ ʪʦʯʥʦʝ 

ʟʥʘʯʝʥʠʝ ʚʝʣʠʯʠʥʳ ʧʨʦʬʠʣʷ, ʘ ʠʟ ʦʰʠʙʦʯʥʳʭ ʜʘʥʥʳʭ ʧʦʣʫʯʠʤ ʯʠʩʣʘ, 

ʢʦʪʦʨʳʝ ʥʝ ʚʭʦʜʷʪ ʚ ʦʙʣʘʩʪʴ ʜʦʧʫʩʪʠʤʳʭ ʟʥʘʯʝʥʠʡ. ʕʪʠ ʯʠʩʣʘ ʙʫʜʫʪ 

ʚʳʭʦʜʠʪʴ ʟʘ ʧʨʝʜʝʣʳ, ʚʳʙʨʘʥʥʦʛʦ ʥʘʤʠ ʜʠʘʧʘʟʦʥʘ. 
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ʅʘ ʨʠʩʫʥʢʝ 5.11 ʟʘʢʨʘʰʝʥʘ ʦʙʣʘʩʪʴ (ʦʙʣʘʩʪʴ ʛʨʫʙʳʭ ʧʨʦʤʘʭʦʚ), ʚ 

ʢʦʪʦʨʫʶ ʤʦʞʝʪ ʧʦʧʘʩʪʴ ʠʟʤʝʨʷʝʤʘʷ ʚʝʣʠʯʠʥʘ ʧʨʠ ʥʘʣʠʯʠʠ ʧʦʛʨʝʰʥʦ-

ʩʪʠ ʠʟʤʝʨʝʥʠʡ. ɺ ʦʙʣʘʩʪʴ ʛʨʫʙʳʭ ʧʨʦʤʘʭʦʚ ʤʳ ʧʦʧʘʜʘʝʤ ʠʟ-ʟʘ ʧʦ-

ʛʨʝʰʥʦʩʪʠ ʠʩʭʦʜʥʳʭ ʜʘʥʥʳʭ. ʅʝʦʙʭʦʜʠʤʦ ʢʘʢʠʤ-ʣʠʙʦ ʦʙʨʘʟʦʤ ʩʢʦʨ-

ʨʝʢʪʠʨʦʚʘʪʴ ʵʪʠ ʟʥʘʯʝʥʠʷ.  

ʕʪʦ ʤʦʞʥʦ ʩʜʝʣʘʪʴ ʜʚʫʤʷ ʩʧʦʩʦʙʘʤʠ: 

- ʧʦʣʥʦʩʪʴʶ ʠʛʥʦʨʠʨʦʚʘʪʴ ʦʰʠʙʦʯʥʳʝ ʟʥʘʯʝʥʠʷ; 

- ʩʢʦʨʨʝʢʪʠʨʦʚʘʪʴ ʠʭ ʢ ʙʣʠʞʘʡʰʝʡ ʧʨʘʚʠʣʴʥʦʡ ʜʠʘʛʦʥʘʣʠ. 

ʈʘʙʦʪʘ ʩ ʨʘʩʰʠʨʝʥʥʳʤ ʤʘʩʩʠʚʦʤ [ ]n i  ʧʦʟʚʦʣʷʝʪ ʣʝʛʢʦ ʦʨʛʘʥʠʟʦ-

ʚʘʪʴ ʨʘʙʦʪʫ ʧʨʠ ʥʘʣʠʯʠʠ ʩʙʦʡʥʳʭ (ʦʰʠʙʦʯʥʳʭ) ʥʘʯʘʣʴʥʳʭ ʜʘʥʥʳʭ. 

ɼʣʷ ʵʪʦʛʦ ʥʝʦʙʭʦʜʠʤʦ ʘʧʨʠʦʨʥʦ ʫʩʪʘʥʦʚʠʪʴ, ʢʘʢʦʡ ʤʘʢʩʠʤʘʣʴʥʳʡ 

ʜʠʘʧʘʟʦʥ ʠʤʝʝʪ ʠʟʤʝʨʷʝʤʳʡ ʦʙʲʝʢʪ. ʇʫʩʪʴ, ʥʘʧʨʠʤʝʨ, ʵʪʦ 5 ʚʠʪʢʦʚ. 

ʄʘʢʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʨʘʚʝʥ 5 1m +52=317. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʤʳ ʤʦʞʝʤ 

ʟʘʜʘʪʴ ʤʘʩʩʠʚ [ ]n i , ʚ ʢʦʪʦʨʦʤ ʚʩʝ ʟʥʘʯʝʥʠʷ ʙʦʣʴʰʝ 5 ʙʫʜʫʪ ʨʘʚʥʳ ʥʫ-

ʣʶ. ʀ ʚʩʝ ʜʠʘʛʦʥʘʣʠ, ʪʘʙʣʠʮʳ, ʥʘʯʠʥʘʶʱʠʝʩʷ ʩ ʥʫʣʷ, ʪʦʞʝ ʙʫʜʫʪ ʨʘʚ-

ʥʳ ʥʫʣʶ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʙʫʜʫʪ ʧʦʜʩʯʠʪʳʚʘʪʴʩʷ ʪʦʣʴʢʦ ʟʥʘʯʝʥʠʷ ʪʦ-

ʯʝʢ, ʧʦʧʘʜʘʶʱʠʭ ʥʘ ʜʠʘʛʦʥʘʣʠ (ʨʠʩ. 5.12). 

 
ʈʠʩ. 5.12. ʌʨʘʛʤʝʥʪ ʤʘʩʩʠʚʘ [ ]n i  ʩ ʤʦʜʫʣʷʤʠ 

1 53m =  ʠ 
2 63m = . ɾʝʣʪʳʤ 

ʮʚʝʪʦʤ ʧʦʢʘʟʘʥʳ ʜʠʘʛʦʥʘʣʠ ʤʝʥʴʰʠʝ ʠʣʠ ʨʘʚʥʳʝ 5. 

 

ʅʝʦʙʭʦʜʠʤʦ ʩʢʦʨʨʝʢʪʠʨʦʚʘʪʴ ʩʙʦʡʥʳʝ ʪʦʯʢʠ. ʕʪʦ ʤʦʞʥʦ ʩʜʝʣʘʪʴ 

ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ʅʫʣʝʚʳʝ ʧʨʦʤʝʞʫʪʢʠ ʚ ʤʘʩʩʠʚʝ [ ]n i  ʟʘʧʦʣʥʷʝʤ 

ʙʣʠʞʘʡʰʠʤ ʟʥʘʯʝʥʠʝʤ ʜʦʧʫʩʪʠʤʦʡ ʜʠʘʛʦʥʘʣʠ (ʨʠʩ. 5.13). 

 
ʈʠʩ. 5.13. ʌʨʘʛʤʝʥʪ ʤʘʩʩʠʚʘ [ ]n i  ʩ ʤʦʜʫʣʷʤʠ 

1 53m =  ʠ 
2 63m = , ʜʦʧʦʣʥʝʥ-

ʥʳʡ ʜʦʧʫʩʪʠʤʳʤʠ ʟʥʘʯʝʥʠʷʤʠ ʜʠʘʛʦʥʘʣʝʡ.  

 

ɿʥʘʯʝʥʠʝ ʯʠʩʝʣ ʚ ʪʘʙʣʠʮʝ ʤʦʞʥʦ ʚʳʯʠʩʣʷʪʴ (5.22) ʢʘʢ  

2 1 1 1[ ]X n b b m b= - Ö +           

ʇʫʩʪʴ 1 167m =  ʠ 2 241m =  (ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʝ ʯʠʩʣʘ), ʪʦʛʜʘ ʪʘʙʣʠʮʘ 

ʨʝʰʝʥʠʡ ʧʦʢʘʟʘʥʘ ʨʠʩ. 5.14. 
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ʈʠʩ. 5.14 ʊʘʙʣʠʮʘ ʨʝʰʝʥʠʡ ʩ ʤʦʜʫʣʷʤʠ m1=167 ʠ m2=241. ɺʳʙʨʘʥʳ 

ʧʝʨʚʳʝ 13 ʜʠʘʛʦʥʘʣʝʡ. 

 

ʅʘ ʨʠʩʫʥʢʝ ʧʦʢʘʟʘʥʳ ʦʙʣʘʩʪʠ, ʧʨʠ ʧʦʧʘʜʘʥʠʠ ʚ ʢʦʪʦʨʳʝ ʟʥʘʯʝʥʠʷ 

1 2( , )b b ʢʦʨʨʝʢʪʠʨʫʶʪʩʷ ʢ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʜʠʘʛʦʥʘʣʠ. 

ʅʘ ʨʠʩ. 5.15. ʧʦʢʘʟʘʥʳ ʜʚʘ ʧʦʣʷ ʬʘʟ ʦʜʥʦʛʦ ʦʙʲʝʢʪʘ, ʧʦʣʫʯʝʥʥʳʝ 

ʧʨʠ ʠʟʤʝʥʝʥʠʠ ʧʝʨʠʦʜʘ ʧʦʣʦʩʳ (1 167m =  ʠ 2 241m = ). ɼʠʘʧʘʟʦʥ ʬʘ-

ʟʦʚʳʭ ʟʥʘʯʝʥʠʡ ʤʝʥʷʝʪʩʷ ʦʪ( , )p p- .  ɽʩʣʠ ʧʨʠʚʝʩʪʠ ʵʪʠ ʟʥʘʯʝʥʠʷ ʜʣʷ 

ʣʝʚʦʛʦ ʧʦʣʷ ʢ (0, 241), ʜʣʷ ʧʨʘʚʦʛʦ ʢ (0, 167), ʪʦ ʢʘʞʜʦʝ ʟʥʘʯʝʥʠʝ ʚ 

ʪʦʯʢʝ ( , )x y  ʜʣʷ ʣʝʚʦʛʦ  ʧʦʣʷ ʙʫʜʝʪ ʦʧʨʝʜʝʣʷʪʴ 2b ,  ʘ ʜʣʷ ʧʨʘʚʦʛʦ - 1b . 

ʇʦʩʢʦʣʴʢʫ 1 167m =  ʠ 2 241m =  ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʪʦ ʤʘʢ-

ʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʠʟʤʝʨʝʥʠʡ ʤʦʞʝʪ ʩʦʩʪʘʚʠʪʴ 241 ʧʦʣʦʩʫ ʧʦ 167 

(241 167 40247)³ = . ɽʩʣʠ, ʥʘʧʨʠʤʝʨ, ʨʘʟʤʝʨ ʧʦʣʦʩʳ, ʩʦʦʪʚʝʪʩʪʚʫʶ-

ʱʝʡ 167 ʠʤʝʝʪ ʨʘʟʤʝʨ - 1 ʩʤ, ʪʦ ʤʘʢʩʠʤʘʣʴʥʳʡ ʨʘʟʤʝʨ ʟʥʘʯʝʥʠʡ ʧʨʦ-

ʬʠʣʷ (ʧʦ z ï ʢʦʦʨʜʠʥʘʪʝ) ʤʦʞʝʪ ʙʳʪʴ 241 ʩʤ.  
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ʈʠʩ. 5.15 ɼʚʘ ʧʦʣʷ ʬʘʟ ʦʜʥʦʛʦ ʦʙʲʝʢʪʘ (ʰʘʨ ʩ ʚʳʝʤʢʦʡ), ʧʦʣʫʯʝʥʥʳʝ: ʩʣʝʚʘ ʩ 

ʧʝʨʠʦʜʦʤ  m2=241 , ʩʧʨʘʚʘ ʩ ʧʝʨʠʦʜʦʤ m1=167. 

 

ɽʩʣʠ ʦʪʢʣʘʜʳʚʘʪʴ ʟʥʘʯʝʥʠʷ 2b  ʧʦ ʢʦʦʨʜʠʥʘʪʝ x, ʘ 1b  ʧʦ ʢʦʦʨʜʠʥʘ-

ʪʝ y ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʧʨʠʚʝʜʝʥʥʳʭ ʧʦʣʝʡ ʬʘʟ, ʪʦ ʧʦʣʫʯʠʤ ʪʘʙʣʠʮʫ ʨʝʰʝ-

ʥʠʡ (ʨʠʩ. 5.16).  

 

 
ʈʠʩ. 5.16  ʊʘʙʣʠʮʘ ʨʝʰʝʥʠʡ ʜʣʷ ʬʘʟʦʚʳʭ ʟʥʘʯʝʥʠʡ, ʧʦʢʘʟʘʥʥʳʭ ʥʘ ʨʠʩ.6.9. 

 

ʀʟ ʨʠʩʫʥʢʘ ʚʠʜʥʦ, ʯʪʦ ʠʟ-ʟʘ ʧʦʛʨʝʰʥʦʩʪʠ ʠʟʤʝʨʝʥʠʷ ʬʘʟʦʚʳʭ ʟʥʘ-

ʯʝʥʠʡ, ʧʦʣʦʩʳ ʧʝʨʝʢʨʳʚʘʶʪʩʷ ʠ ʦʪʜʝʣʠʪʴ ʠʭ ʜʦʩʪʘʪʦʯʥʦ ʩʣʦʞʥʦ. ʆʜ-

ʥʘʢʦ, ʝʩʣʠ ʦʛʨʘʥʠʯʠʪʴ ʜʠʘʧʘʟʦʥ ʠʟʤʝʨʝʥʠʡ, ʪʦ ʵʪʫ ʧʨʦʙʣʝʤʫ ʤʦʞʥʦ 
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ʨʝʰʠʪʴ. ʇʫʩʪʴ ʤʘʢʩʠʤʘʣʴʥʳʡ ʜʠʘʧʘʟʦʥ ʩʦʩʪʘʚʠʪ 13 ʧʦʣʦʩ (ʤʘʢʩʠʤʘʣʴ-

ʥʳʡ ʨʘʟʤʝʨ ʟʥʘʯʝʥʠʡ ʧʦ z ï ʢʦʦʨʜʠʥʘʪʝ ï 13 ʩʤ), ʪʦ ʪʘʙʣʠʮʘ ʨʝʰʝʥʠʡ 

ʙʫʜʝʪ ʚʳʛʣʷʜʝʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ (ʨʠʩ.5.17). ʇʦʣʦʩʳ ʭʦʨʦʰʦ ʨʘʟ-

ʜʝʣʷʶʪʩʷ ʠ ʵʪʠ ʟʥʘʯʝʥʠʷ ʤʦʞʥʦ ʩʢʦʨʨʝʢʪʠʨʦʚʘʪʴ ʢ ʙʣʠʞʘʡʰʝʡ ʜʠʘʛʦ-

ʥʘʣʠ. 

ʇʦʵʪʦʤʫ ʤʳ ʤʦʞʝʤ ʠʩʧʦʣʴʟʦʚʘʪʴ ʛʝʥʝʨʘʮʠʶ ʨʝʰʝʥʠʡ (ʧʦʢʘʟʘʥ-

ʥʫʶ ʥʘ ʨʠʩ. 5.14) ʜʣʷ ʨʘʩʰʠʬʨʦʚʢʠ ʧʦʣʥʦʡ ʬʘʟʳ.  

 

 
ʈʠʩ. 5.17 ʊʘʙʣʠʮʘ ʨʝʰʝʥʠʡ ʜʣʷ ʬʘʟʦʚʳʭ ʟʥʘʯʝʥʠʡ, ʦʛʨʘʥʠʯʝʥʥʘʷ 13 ʜʠʘʛʦʥʘ-

ʣʷʤʠ. 

 

ʈʝʟʫʣʴʪʠʨʫʶʱʝʝ ʧʦʣʝ ʧʦʣʥʦʝ ʬʘʟ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩ. 5.18. 
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ʈʠʩ. 5.18 ɺʦʩʩʪʘʥʦʚʣʝʥʥʦʝ ʧʦʣʝ ʧʦʣʥʳʭ ʬʘʟ ʩʣʝʚʘ, ʩʧʨʘʚʘ ʧʦʣʥʦʝ ʧʦʣʝ ʬʘʟ 

ʧʦʩʣʝ ʫʩʪʨʘʥʝʥʠʷ ʥʘʢʣʦʥʘ. 

 

ɸʣʛʦʨʠʪʤ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʨʝʰʝʥʠʠ ʮʝʣʦʯʠʩʣʝʥʥʳʭ ʩʠʩʪʝʤ ʩʨʘʚ-

ʥʝʥʠʡ, ʜʦʩʪʘʪʦʯʥʦ ʫʩʪʦʡʯʠʚ. ɺʨʝʤʷ ʨʘʩʰʠʬʨʦʚʢʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʪʦʣʴʢʦ 

ʚʳʙʦʨʢʦʡ ʟʥʘʯʝʥʠʡ ʠʟ ʦʜʥʦʤʝʨʥʦʛʦ ʤʘʩʩʠʚʘ.  

6. ʆʇʈɽɼɽʃɽʅʀɽ ʇʈʆʌʀʃʗ ʆɹʒɽʂʊɸ ʇʆ ʌɸɿʆ-

ɺʓʄ ʈɸʉʇʈɽɼɽʃɽʅʀʗʄ 

ʀʟʤʝʨʝʥʥʘʷ ʢʘʨʪʠʥʘ ʬʘʟ ʩʦʜʝʨʞʠʪ ʠʥʬʦʨʤʘʮʠʶ ʦ ʧʨʦʬʠʣʝ ʠʟʫʯʘ-

ʝʤʦʛʦ ʦʙʲʝʢʪʘ, ʚʢʣʶʯʘʶʱʘʷ ʠ ʥʘʢʣʦʥ ʵʪʦʛʦ ʦʙʲʝʢʪʘ ʢ ʧʣʦʩʢʦʩʪʠ ʧʨʦ-

ʝʮʠʨʦʚʘʥʠʷ. ʆʜʥʘʢʦ ʥʘʩ ʠʥʪʝʨʝʩʫʝʪ ʚ ʙʦʣʴʰʝʡ ʩʪʝʧʝʥʠ ʧʨʦʬʠʣʴ ʦʙʲ-

ʝʢʪʘ ʙʝʟ ʥʘʢʣʦʥʘ. ɼʣʷ ʵʪʦʛʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʨʦʩʪʦʡ ʘʣʛʦʨʠʪʤ ʚʳʯʠʪʘʥʠʷ 

ʧʣʦʩʢʦʩʪʠ ʥʘʢʣʦʥʘ. ʇʨʠʥʮʠʧʠʘʣʴʥʘʷ ʩʭʝʤʘ ʩʠʩʪʝʤʳ ʧʦʢʘʟʘʥʘ ʥʘ 

ʨʠʩ. 6.1 [3]. 

ʊʦʯʢʠ P  ʠ I  ʮʝʥʪʨʳ ʚʳʭʦʜʥʳʭ ʟʨʘʯʢʦʚ ʧʨʦʝʢʪʦʨʘ ʠ ʢʘʤʝʨʳ ʩʦ-

ʦʪʚʝʪʩʪʚʝʥʥʦ. ʆʧʪʠʯʝʩʢʠʝ ʦʩʠ ʧʨʦʝʢʪʦʨʘ ʠ ʢʘʤʝʨʳ ʧʝʨʝʩʝʢʘʶʪʩʷ ʚ 

ʪʦʯʢʫ O.  

ʇʝʨʝʜ ʥʘʯʘʣʦʤ ʠʟʤʝʨʝʥʠʡ ʦʙʲʝʢʪʘ ʠʟʤʝʨʷʝʪʩʷ ʬʘʟʦʚʘʷ ʢʘʨʪʘ 

ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ, ʢʦʪʦʨʘʷ ʠʩʧʦʣʴʟʫʝʪʩʷ ʚ ʢʘʯʝʩʪʚʝ ʵʪʘʣʦʥʘ ʧʨʠ ʜʘʣʴ-

ʥʝʡʰʠʭ ʠʟʤʝʨʝʥʠʷʭ.  

ʇʨʦʬʠʣʴ ʦʙʲʝʢʪʘ ʠʟʤʝʨʷʝʪʩʷ ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ ʵʪʦʡ ʧʣʦʩʢʦʩʪʠ. ʉ 

ʪʦʯʢʠ ʟʨʝʥʠʷ ʧʨʦʝʢʪʦʨʘ, ʪʦʯʢʘ D  ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʦʙʲʝʢʪʘ ʠʤʝʝʪ ʪʦ ʞʝ 

ʟʥʘʯʝʥʠʝ, ʢʘʢ ʠ ʪʦʯʢʘ C  ʥʘ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ. ɺ ʪʦ ʚʨʝʤʷ ʥʘ ʬʦʪʦʢʘ-

ʤʝʨʝ, ʪʦʯʢʘ D  ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʦʙʲʝʢʪʘ ʠ A  ʥʘ ʙʘʟʦʚʦʡ ʧʣʦʩʢʦʩʪʠ 

ʦʪʦʙʨʘʞʘʶʪʩʷ ʚ ʦʜʠʥ ʧʠʢʩʝʣʴ. 



63 

 

 
ʈʠʩ. 6.1 ʉʭʝʤʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʬʘʟʦʚʦʡ ʠʥʬʦʨʤʘʮʠʠ ʚ ʢʘʨʪʠʥʫ ʧʨʦʬʠʣʷ ʦʙʲ-

ʝʢʪʘ (DMD ï ʧʨʦʝʢʪʦʨ, CCD ï ʤʘʪʨʠʮʘ ʬʦʪʦʜʝʪʝʢʪʦʨ). 

 

ɺʳʯʠʪʘʷ ʬʘʟʦʚʫʶ ʢʘʨʪʫ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ ʠʟ ʬʘʟʦʚʦʛʦ ʨʘʩʧʨʝʜʝ-

ʣʝʥʠʷ ʥʘ ʦʙʲʝʢʪʝ, ʤʳ ʧʦʣʫʯʠʤ ʬʘʟʦʚʫʶ ʨʘʟʥʦʩʪʴ ʥʘ ʵʪʦʤ ʞʝ ʧʠʢʩʝʣʝ. 

ʇʨʝʜʧʦʣʦʞʠʤ, ʪʦʯʢʠ P  ʠ I  ʨʘʩʧʦʣʦʞʝʥʳ ʪʘʢ, ʯʪʦʙʳ ʙʳʪʴ ʚ ʦʜ-

ʥʦʡ ʧʣʦʩʢʦʩʪʠ ʩ ʚʝʢʪʦʨʦʤ l  (ʨʘʩʩʪʦʷʥʠʝ ʜʦ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ) ʠ 

ʠʤʝʶʪ ʬʠʢʩʠʨʦʚʘʥʥʦʝ ʨʘʩʩʪʦʷʥʠʝ d  ʤʝʞʜʫ ʥʠʤʠ, ʠ ʦʧʦʨʥʘʷ ʧʣʦʩʢʦʩʪʴ 

ʧʘʨʘʣʣʝʣʴʥʘ ʣʠʥʠʠ ʤʝʞʜʫ ʟʨʘʯʢʘʤʠ ʢʘʤʝʨʳ ʠ ʧʨʦʝʢʪʦʨʘ. ʊʘʢʠʤ ʦʙʨʘ-

ʟʦʤ, ʪʨʝʫʛʦʣʴʥʠʢʠ PIDD  ʠ CADD  ʧʦʜʦʙʥʳ, ʚʳʩʦʪʘ ʪʦʯʢʠ D  ʥʘ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʦʙʲʝʢʪʘ ʧʦ ʦʪʥʦʰʝʥʠʶ ʢ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ DB  ʟʘʚʠʩʠʪ ʦʪ 

ʨʘʩʩʪʦʷʥʠʷ ʤʝʞʜʫ ʪʦʯʢʘʤʠ A  ʠ C : 

1
d l DB l

AC DB DB

-
= = - ,       (6.1) 

ʪ.ʢ. d  ʥʘʤʥʦʛʦ ʙʦʣʴʰʝ, ʯʝʤ AC  ʜʣʷ ʨʝʘʣʴʥʳʭ ʠʟʤʝʨʝʥʠʡ ʵʪʦ ʚʳʨʘʞʝ-

ʥʠʝ ʤʦʞʥʦ ʫʧʨʦʩʪʠʪʴ  

( , )
2

AC AC

l pl
z x y DB AC K

d d
j j

p
= º = =   ,     (6.2) 

ʛʜʝ p  ï ʰʠʨʠʥʘ ʧʦʣʦʩʳ ʥʘ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʳʩʦʪʘ 

ʧʦʚʝʨʭʥʦʩʪʠ ʥʘʭʦʜʠʪʩʷ ʚ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʦʡ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʬʘʟʳ. 
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ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʘ K  ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʦʙʲʝʢʪ ʩ 

ʠʟʚʝʩʪʥʦʡ ʚʳʩʦʪʦʡ. ʇʫʩʪʴ ʚʳʩʦʪʘ ʧʣʦʩʢʦʡ ʧʦʚʝʨʭʥʦʩʪʠ  15Ñ0.1 ʤʤ. 

ʄʦʞʥʦ ʦʧʨʝʜʝʣʠʪ ʬʘʟʦʚʫʶ ʨʘʟʥʦʩʪʴ ʤʝʞʜʫ ʚʝʨʭʥʝʡ ʠ ʥʠʞʥʝʡ ʧʦʚʝʨʭ-

ʥʦʩʪʴʶ. ʇʫʩʪʴ 

4,6AC top botton radj j j= - =  ,   (6.3) 

ʪʦʛʜʘ  

15
3.2609( / )

4.6
K ʤʤ rad= =  .      (6.4) 

ɼʦʧʫʩʪʠʤ, ʯʪʦ ʢʦʦʨʜʠʥʘʪʳ x,y ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳ ʨʝʘʣʴʥʳʤ ʢʦʦʨʜʠʥʘ-

ʪʘʤ ʦʙʲʝʢʪʘ. ʇʫʩʪʴ ʠʟʤʝʨʷʝʤʘʷ ʦʙʣʘʩʪʴ 260x244 ʤʤ, ʤʘʩʩʠʚ ʬʦʪʦʜʝ-

ʪʝʢʪʦʨʦʚ ʠʤʝʝʪ 800x600 ʪʦʯʝʢ. ʊʦʛʜʘ  

260
0.325( / )

800
xk ʤʤ pixel= =  .      (6.5) 

ʀʩʧʦʣʴʟʫʷ ʵʪʠ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʢʘʨʪʫ ʚʳʩʦʪ ʧʦʚʝʨʭʥʦ-

ʩʪʠ ʠʩʩʣʝʜʫʝʤʦʛʦ ʦʙʲʝʢʪʘ. 

ʕʪʦʪ ʧʨʦʩʪʦʡ ʤʝʪʦʜ ʢʘʣʠʙʨʦʚʢʠ ʜʘʝʪ ʪʦʣʴʢʦ ʧʨʠʙʣʠʞʝʥʥʦʝ ʩʦʦʪ-

ʥʦʰʝʥʠʝ ʤʝʞʜʫ ʨʘʩʧʨʝʜʝʣʝʥʠʝʤ ʬʘʟ ʠ ʨʝʘʣʴʥʳʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ. ɼʣʷ 

ʦʙʲʝʢʪʦʚ ʩ ʥʝʙʦʣʴʰʠʤʠ ʠʟʤʝʥʝʥʠʷʤʠ ʨʝʣʴʝʬʘ ʵʪʠ ʧʨʝʜʧʦʣʦʞʝʥʠʷ ʤʦ-

ʛʫʪ ʠ ʚʳʧʦʣʥʷʪʴʩʷ. ʆʜʥʘʢʦ ʜʣʷ ʦʙʲʝʢʪʦʚ ʩ ʙʦʣʴʰʦʡ ʛʣʫʙʠʥʦʡ ʨʝʟʢʦʩʪʠ 

ʚʳʨʘʞʝʥʠʷ ʥʝ ʜʘʶʪ ʪʦʯʥʳʭ ʨʝʟʫʣʴʪʘʪʦʚ. ɺ ʵʪʦʡ ʤʦʜʝʣʠ ʥʝ ʫʯʠʪʳʚʘʶʪ-

ʩʷ ʪʘʢʞʝ ʜʠʩʪʦʨʩʠʠ ʦʙʲʝʢʪʠʚʦʚ, ʢʦʪʦʨʘʷ ʧʨʠʚʦʜʠʪ ʢ ʥʝʨʘʚʥʦʤʝʨʥʦʩʪʠ 

ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʦʣʦʩ ʚ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ. ʕʪʘ ʥʝʨʘʚʥʦʤʝʨʥʦʩʪʴ ʤʦ-

ʞʝʪ ʙʳʪʴ ʨʘʟʥʦʡ ʜʣʷ ʦʧʦʨʥʦʡ ʧʣʦʩʢʦʩʪʠ ʠ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ ʦʙʲʝʢʪʘ. ʇʦ-

ʵʪʦʤʫ ʧʨʠ ʚʳʯʠʪʘʥʠʠ ʧʦʣʷ ʬʘʟ ʥʘ ʦʧʦʨʥʦʡ ʧʦʚʝʨʭʥʦʩʪʠ ʠʟ ʧʦʣʷ ʬʘʟ ʥʘ 

ʧʦʚʝʨʭʥʦʩʪʠ ʦʙʲʝʢʪʘ ʠʩʢʘʞʝʥʠʷ ʫʩʪʨʘʥʷʪʴʩʷ ʥʝ ʙʫʜʫʪ.  

ɺʦʩʩʪʘʥʦʚʣʝʥʠʝ ʪʦʯʥʦʡ ʬʦʨʤʳ ʦʙʲʝʢʪʘ ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʧʨʠ ʧʨʘ-

ʚʠʣʴʥʦʡ ʢʘʣʠʙʨʦʚʢʝ ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ, ʠʩʧʦʣʴʟʫʝʤʳʭ ʚ ʩʠʩʪʝʤʝ. ʇʦʵʪʦʤʫ 

ʧʝʨʝʜ ʥʘʯʘʣʦʤ ʨʘʙʦʪʳ ʞʝʣʘʪʝʣʴʥʦ ʧʨʦʚʦʜʠʪʴ ʢʘʣʠʙʨʦʚʢʫ ʩʠʩʪʝʤʳ. 

6.1. ʂɸʃʀɹʈʆɺʂɸ ʂɸʄɽʈʓ 

ʅʘ ʨʠʩ. 6.2 ʧʦʢʘʟʘʥʘ ʧʨʦʩʪʘʷ ʤʦʜʝʣʴ ʢʘʤʝʨʳ ʚ ʚʠʜʝ ʢʘʤʝʨʳ ʦʙʩʢʫ-

ʨʳ (pinhole). ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʤʦʞʥʦ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʧʨʦʝʢʪʠʚʥʦʡ ʤʦʜʝ-

ʣʴʶ ʢʘʤʝʨʳ, ʚ ʢʦʪʦʨʦʡ ʠʟʦʙʨʘʞʝʥʠʝ ʪʨʝʭʤʝʨʥʦʛʦ ʦʙʲʝʢʪʘ  ʧʦʣʫʯʘʝʪʩʷ 

ʧʨʦʝʢʪʠʨʦʚʘʥʠʝʤ ʝʛʦ ʚ ʬʦʢʘʣʴʥʫʶ ʧʣʦʩʢʦʩʪʴ (ʧʣʦʩʢʦʩʪʴ ʠʟʦʙʨʘʞʝʥʠʷ) 

ʯʝʨʝʟ ʝʜʠʥʩʪʚʝʥʥʫʶ ʪʦʯʢʫ, ʥʘʟʳʚʘʝʤʫʶ ʦʧʪʠʯʝʩʢʠʤ ʮʝʥʪʨʦʤ. ʇʨʷʤʘʷ 
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ʣʠʥʠʷ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘʷ ʧʣʦʩʢʦʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ ʠ ʧʨʦʭʦʜʷʱʘʷ ʯʝʨʝʟ 

ʵʪʫ ʪʦʯʢʫ, ʥʘʟʳʚʘʝʪʩʷ ʦʧʪʠʯʝʩʢʦʡ ʦʩʴʶ ʢʘʤʝʨʳ, ʘ ʪʦʯʢʘ ʧʝʨʝʩʝʯʝʥʠʷ 

ʦʧʪʠʯʝʩʢʦʡ ʦʩʠ ʩ ʧʣʦʩʢʦʩʪʴʶ ʠʟʦʙʨʘʞʝʥʠʷ ï ʛʣʘʚʥʦʡ ʪʦʯʢʦʡ. 

ɺ ʵʪʦʡ ʤʦʜʝʣʠ: 

- ɺ ʢʘʯʝʩʪʚʝ ʦʙʲʝʢʪʠʚʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʦʪʚʝʨʩʪʠʝ ʚ ʦʜʥʫ ʪʦʯʢʫ.  

- ʕʪʘ ʪʦʯʢʘ ʥʘʟʳʚʘʝʪʩʷ ʮʝʥʪʨʦʤ ʧʨʦʝʢʮʠʠ. 

- ɺʩʝ ʣʫʯʠ ʧʨʦʭʦʜʷʪ ʯʝʨʝʟ ʵʪʫ ʪʦʯʢʫ. 

- ʀʟʦʙʨʘʞʝʥʠʝ ʬʦʨʤʠʨʫʝʪʩʷ ʥʘ ʢʘʨʪʠʥʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

- ʌʦʢʫʩʥʳʤ ʨʘʩʩʪʦʷʥʠʝʤ f  ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʮʝʥʪʨʘ ʧʨʦ-

ʝʢʮʠʠ ʜʦ ʢʘʨʪʠʥʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

- ʇʣʦʩʢʦʩʪʴ ʠʟʦʙʨʘʞʝʥʠʷ (Image plane) ï ʧʣʦʩʢʦʩʪʴ ʤʘʪʨʠʮʳ ʢʘʤʝ-

ʨʳ. 

- ʇʣʦʩʢʦʩʪʴ ʣʠʥʟʳ ʥʘʟʳʚʘʝʪʩʷ - Pinhole plane. 
 

 
ʈʠʩ. 6.2 ʂʘʤʝʨʘ ʦʙʩʢʫʨʘ. 

 

ʊʝʭʥʦʣʦʛʠʷ, ʧʨʝʜʩʪʘʚʣʝʥʥʘʷ Zhengyou Zhang [22] ʪʨʝʙʫʝʪ ʪʦʣʴʢʦ 

ʢʘʤʝʨʫ ʜʣʷ ʥʘʙʣʶʜʝʥʠʷ ʟʘ ʧʣʦʩʢʠʤ ʦʙʲʝʢʪʦʤ, ʧʦʢʘʟʘʥʥʳʤ ʩ ʥʝʩʢʦʣʴ-

ʢʠʭ ʩʪʦʨʦʥ. ʇʦʜʦʙʥʳʡ ʘʣʛʦʨʠʪʤ ʢʘʣʠʙʨʦʚʢʠ ʧʨʠʚʝʜʝʥ ʚ ʨʘʙʦʪʝ [23]. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʢʦʦʨʜʠʥʘʪ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝ (ʨʠʩ. 6.3) .  
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ʈʠʩ .6.3. ʂʦʦʨʜʠʥʘʪʳ ʢʘʤʝʨʳ ʚ ʤʠʨʦʚʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ 

 

ʇʫʩʪʴ p  ʧʨʦʠʟʚʦʣʴʥʦ ʚʳʙʨʘʥʥʘʷ ʪʦʯʢʘ ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ 

( , , )w w wx y z  ʚ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ {0 , , , }w w w wx y z  ʠ 

( , , )c c cx y z ʚ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʢʘʤʝʨʳ  {0 , , , }c c c cx y z . ʂʦʦʨʜʠʥʘʪʳ 

ʪʦʯʢʠ ʚ ʧʣʦʩʢʦʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ {0, , }u v  ʙʫʜʫʪ ( , )u v . 

ʇʨʦʝʢʪʠʚʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʢʦʦʨʜʠʥʘʪ ʪʦʯʢʠ ʥʘ ʦʙʲʝʢʪʝ ʚ ʝʝ ʧʨʦʝʢ-

ʮʠʠ ʥʘ ʤʘʪʨʠʮʝ ʬʦʪʦʧʨʠʝʤʥʠʢʦʚ ʤʦʛʫʪ ʙʳʪʴ ʦʧʠʩʘʥʳ ʩ ʧʦʤʦʱʴʶ ʩʣʝ-

ʜʫʶʱʝʛʦ ʚʳʨʘʞʝʥʠʷ   

( , ,1) ( , ) ( , , ,1)T w w w Ts u v A R r t x y zÖ = Ö Ö  ,     (6.6) 

ʛʜʝ ( , ,1)TU u v=  - ʦʜʥʦʨʦʜʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʧʣʦʩʢʦʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ, 

( , , ,1)w w w w TX x y z=  - ʦʜʥʦʨʦʜʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦ-

ʦʨʜʠʥʘʪ, s  - ʤʘʩʰʪʘʙʥʳʡ ʬʘʢʪʦʨ, ( , )R r t  ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʝʡ 

ʚʥʝʰʥʠʭ ʧʘʨʘʤʝʪʨʦʚ ʠ ʦʧʨʝʜʝʣʷʝʪ ʧʦʚʦʨʦʪ ʠ ʩʜʚʠʛ ʤʝʞʜʫ ʤʠʨʦʚʦʡ 

ʩʠʩʪʝʤʦʡ ʢʦʦʨʜʠʥʘʪ ʠ ʩʠʩʪʝʤʦʡ ʢʦʦʨʜʠʥʘʪ ʢʘʤʝʨʳ ʠ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜ-

ʩʪʘʚʣʝʥʘ ʢʘʢ: 

00 01 02

10 11 12

20 21 22

( , )

X

Y

Z

r r r t

R r t r r r t

r r r t

å õ
æ ö
=æ ö
æ ö
ç ÷

       (6.7) 
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ʂʦʵʬʬʠʮʠʝʥʪʳ ijr  ʦʪʚʝʯʘʶʪ ʟʘ ʧʦʚʦʨʦʪ. ʄʘʪʨʠʮʳ ʧʦʚʦʨʦʪʘ ʚʜʦʣʴ ʩʦ-

ʦʪʚʝʪʩʪʚʫʶʱʠʭ ʦʩʝʡ ʠʤʝʶʪ ʚʠʜ: 

cos( ) sin( ) 0

( ) sin( ) cos( ) 0

0 0 1

ZR

q q

q q q

å õ
æ ö
= -æ ö
æ ö
ç ÷

 ,      (6.8ʘ) 

1 0 0

( ) 0 cos( ) sin( )

0 sin( ) cos( )

XR y y y

y y

å õ
æ ö
=æ ö
æ ö-ç ÷

   ,    (6.8ʙ) 

cos( ) 0 sin( )

( ) 0 1 0

sin( ) 0 cos( )

YR

j j

j

j j

-å õ
æ ö
=æ ö
æ ö
ç ÷

  .    (6.8ʩ) 

 

ʈʝʟʫʣʴʪʠʨʫʶʱʘʷ ʤʘʪʨʠʮʘ ʚʨʘʱʝʥʠʷ ʢʘʤʝʨʳ ʚʦʢʨʫʛ ʪʨʝʙʫʝʤʦʡ ʩʠʩʪʝʤʳ 

ʢʦʦʨʜʠʥʘʪ: 

( , , ) ( ) ( ) ( )Z X YR R R Rqy j q y j= Ö Ö  .     (6.9) 

ɺʝʢʪʦʨ ʩʤʝʱʝʥʠʷ ʢʘʤʝʨʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʪʨʝʙʫʝʤʦʡ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ: 

( , , )Tx y zT t t t=  .              (6.10) 

ʄʘʪʨʠʮʘ A  (ʚ 6.6) ï  ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʝʡ ʚʥʫʪʨʝʥʥʠʭ ʧʘʨʘʤʝʪʨʦʚ 

ʢʘʤʝʨʳ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ  

0

00

0 0 0

u

A v

a g

b

è ø
é ù
=
é ù
é ùê ú

  ,          (6.11) 

ʛʜʝ a, b ï ʤʘʩʰʪʘʙʥʳʝ ʬʘʢʪʦʨʳ (ʬʦʢʫʩʥʳʝ ʨʘʩʩʪʦʷʥʠʷ) ʧʦ ʦʩʷʤ 

( , )u v , g - ʧʘʨʘʤʝʪʨ, ʢʦʪʦʨʳʡ ʦʧʠʩʳʚʘʝʪ ʘʩʩʠʤʝʪʨʠʶ ʜʚʫʭ ʦʩʝʡ ʠʟʦʙ-

ʨʘʞʝʥʠʷ, 0 0( , )u v  - ʪʦʯʢʘ ʛʣʘʚʥʦʡ ʦʧʪʠʯʝʩʢʦʡ ʦʩʠ ʥʘ ʤʘʪʨʠʮʝ ʢʘʤʝʨʳ. 

ʇʘʨʘʤʝʪʨʳ ʢʘʤʝʨʳ ʪʦʞʝ ʟʘʚʠʩʷʪ ʦʪ ʝʝ ʦʨʠʝʥʪʘʮʠʠ. 

ʊʝʧʝʨʴ ʤʦʜʝʣʴ ʢʘʤʝʨʳ (6.6) ʚʳʛʣʷʜʠʪ ʪʘʢ: 
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00 01 02

10 11 12

20 21 221
1

i

i X

i

i Y

i

Z

X
u r r r t

Y
s v A r r r t

Z
r r r t

å õ
å õ å õæ ö
æ ö æ öæ öÖ =æ ö æ öæ ö
æ ö æ ö

æ öç ÷ ç ÷
ç ÷

  ,  (6.12) 

ʛʜʝ ( , ,1)TU u v=  - ʦʜʥʦʨʦʜʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʧʣʦʩʢʦʩʪʠ ʠʟʦʙʨʘʞʝʥʠʷ, 

( , ,1)TM X Y=  - ʦʜʥʦʨʦʜʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʚ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʝ. 

ɽʩʣʠ ʢʘʣʠʙʨʦʚʦʯʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ ʧʣʦʩʢʘʷ, ʪʦ ʙʝʟ ʧʦʪʝʨʠ ʦʙʱʥʦʩʪʠ 

ʤʦʞʥʦ ʧʨʠʥʷʪʴ Z =0 ʚ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʜʣʷ ʚʩʝʭ ʪʦʯʝʢ ʧʦ-

ʚʝʨʭʥʦʩʪʠ, ʠ (6.12) ʧʨʠʤʝʪ ʚʠʜ 

00 01 02

10 11 12

20 21 22

0
1

1

i

i X

i

i Y

Z

X
u r r r t

Y
s v A r r r t

r r r t

å õ
å õ å õæ ö
æ ö æ öæ öÖ =æ ö æ öæ ö
æ ö æ ö

æ öç ÷ ç ÷
ç ÷

  .    (6.13) 

ɽʩʣʠ ʦʙʦʟʥʘʯʠʪ ʢʘʞʜʳʡ ʩʪʦʣʙʝʮ ʤʘʪʨʠʮʳ ʠʥʜʝʢʩʦʤ j-ʩʪʦʣʙʮʘ, ʪʦ ʤʳ 

ʤʦʞʝʤ ʟʘʧʠʩʘʪʴ. 

1 1

i i

i i

u X

s v H Y

å õ å õ
æ ö æ ö
Ö =æ ö æ ö
æ ö æ ö
ç ÷ ç ÷

 ,        (6.14) 

ʛʜʝ H  ï ʤʘʪʨʠʮʘ ʛʦʤʦʛʨʘʬʠʠ ʠʟʦʙʨʘʞʝʥʠʷ ʨʘʟʤʝʨʦʤ 3ʭ3, ʦʧʨʝʜʝʣʝʥ-

ʥʘʷ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʤʘʩʰʪʘʙʥʦʛʦ ʤʥʦʞʠʪʝʣʷ. ɺ ʵʪʦʤ ʫʨʘʚʥʝʥʠʠ 8 ʩʪʝ-

ʧʝʥʝʡ ʩʚʦʙʦʜʳ, ʧʦʵʪʦʤʫ ʚ ʧʣʦʩʢʦʩʪʠ ʢʘʣʠʙʨʦʚʢʠ ʥʝʦʙʭʦʜʠʤʦ ʟʘʜʘʪʴ 

ʤʠʥʠʤʫʤ 4 ʪʦʯʢʠ. ʅʘ ʧʨʘʢʪʠʢʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʟʥʘʯʠʪʝʣʴʥʦ ʙʦʣʴʰʝ ʪʦ-

ʯʝʢ, ʯʪʦʙʳ ʩʥʠʟʠʪʴ ʚʣʠʷʥʠʝ ʧʦʛʨʝʰʥʦʩʪʠ ʠʟʤʝʨʝʥʠʡ. 

ʊʝʧʝʨʴ ʥʝʦʙʭʦʜʠʤʦ ʚʳʜʝʣʠʪʴ ʚʥʝʰʥʠʝ ʧʘʨʘʤʝʪʨʳ ʠʟ ʤʘʪʨʠʮʳ H .  

ɼʘʣʝʝ ʠʩʧʦʣʴʟʫʝʤ ʩʣʝʜʫʶʱʠʝ ʦʙʦʟʥʘʯʝʥʠʷ: 
TA-  ʜʣʷ 

1( )TA-  ʠʣʠ 

1( )TA -
. 

ɽʩʣʠ ʤʳ ʧʨʝʜʩʪʘʚʠʤ ʤʘʪʨʠʮʫ ʚ ʚʠʜʝ ʚʝʢʪʦʨʘ, ʚ ʢʦʪʦʨʦʤ ʢʘʞʜʳʡ 

ʵʣʝʤʝʥʪ ʩʪʦʣʙʝʮ 1 2 3[ , , ]H h h h= , ʪʦ  
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1 2 3 1 2[ , , ] [ , , ]h h h A r r tl= Ö  ,     (6.15) 

ʛʜʝ l ï ʧʨʦʠʟʚʦʣʴʥʦʝ ʯʠʩʣʦ. ʇʦʩʢʦʣʴʢʫ 1r  ʠ 2r  ʦʨʪʦʛʦʥʘʣʴʥʳ [18]  

1

1 2 0T Th A A h- - =  ,           (6.16) 

1 1

1 1 2 2

T T T Th A A h h A A h- - - -=  .     (6.17) 

ɼʚʘ ʫʨʘʚʥʝʥʠʷ ʠʤʝʶʪ 8 ʩʪʝʧʝʥʝʡ ʩʚʦʙʦʜʳ ʠ 6 ʚʥʝʰʥʠʭ ʧʘʨʘʤʝʪʨʦʚ 

(3 ʩʜʚʠʛʘ ʠ 3 ʧʦʚʦʨʦʪʘ), ʧʦʵʪʦʤʫ ʤʳ ʤʦʞʝʤ ʧʦʣʫʯʠʪʴ ʪʦʣʴʢʦ 2 ʧʘʨʘ-

ʤʝʪʨʘ. ʂʦʤʙʠʥʠʨʫʷ ʵʪʠ ʧʘʨʘʤʝʪʨʳ ʤʦʞʥʦ ʨʘʟʜʝʣʠʪʴ ʤʘʪʨʠʮʫ H  ʥʘ 

ʤʘʪʨʠʮʫ A  ʠ 1 2[ , , ]r r t . 

ʇʫʩʪʴ 

11 12 13

1 1

12 22 23

13 23 33

( )T

B B B

B A A B B B

B B B

- -

è ø
é ù

= ¹ =
é ù
é ùê ú

 

0 0

2 2 2

2

0 0 0

2 2 2 2 2 2 2

2

0 0 0 0 0 0 0 0

2 2 2 2 2 2 2

1

( )1

( ) ( )
1

v u

v u v

v u v u v v u v

g bg

a a b a b

g g bg g

a b a b b a b b

g b g g b g b

a b a b b a b b

è ø-
-é ù

é ù
é ù-
= - + -é ù
é ù
é ù- - -

- + +é ù
é ùê ú

  (6.18) 

ɿʘʤʝʪʠʤ, ʯʪʦ ʤʘʪʨʠʮʘ B ʩʠʤʤʝʪʨʠʯʥʘ ʠ ʦʧʨʝʜʝʣʷʝʪʩʷ 6-ʤʝʨʥʳʤ 

ʚʝʢʪʦʨʦʤ 

11 12 22 13 23 33[ , , , , , ]Tb B B B B B B=  .    (6.19) 

ʇʫʩʪʴ ih   i-ʡ ʩʪʦʣʙʝʮ ʤʘʪʨʠʮʳ H . 1 2 3[ , , ]T

i i i ih h h h= . ʊʦʛʜʘ 

T T

i j i jh Bh v b=  , 

ʛʜʝ 

1 1 1 2 2 1 2 2 3 1

1 3 2 2 3 2 2 3 3 3

[ , , ,

, , , ]

T

ij i j i j i j i j i j

T

i j i j i j i j i j

v h h h h h h h h h h

h h h h h h h h h h

= + +

+ +
         (6.20) 
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ɼʘʣʝʝ, ʫʨʘʚʥʝʥʠʷ (6.16), (6.17) ʤʦʛʫʪ ʙʳʪʴ ʧʝʨʝʧʠʩʘʥʳ ʚ ʚʠʜʝ ʜʚʫʭ ʦʜ-

ʥʦʨʦʜʥʳʭ ʫʨʘʚʥʝʥʠʡ 

12

11 22

0
( )

T

T

v
b

v v

è ø
Ö =é ù

-ê ú
        (6.21) 

ɽʩʣʠ ʤʳ ʠʤʝʝʤ n  ʤʦʜʝʣʴʥʳʭ ʠʟʦʙʨʘʞʝʥʠʡ, ʪʦ ʫʢʣʘʜʳʚʘʷ n  ʫʨʘʚ-

ʥʝʥʠʡ (6.21) ʤʳ ʧʦʣʫʯʠʤ 

0V bÖ = ,             (6.22) 

ʛʜʝ V  ï ʤʘʪʨʠʮʘ ʨʘʟʤʝʨʦʤ (2 6)n³ .  

ɽʩʣʠ 3n² , ʤʳ ʧʦʣʫʯʠʤ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ ʜʣʷ b  ʩ ʪʦʯʥʦ-

ʩʪʴʶ ʜʦ ʤʘʩʰʪʘʙʥʦʛʦ ʬʘʢʪʦʨʘ.  

ɽʩʣʠ 2n= , ʤʳ ʤʦʞʝʤ ʧʦʣʦʞʠʪʴ g=0, ʪ.ʝ. ʜʦʙʘʚʣʷʝʤ ʝʱʝ ʦʜʥʦ 

ʫʨʘʚʥʝʥʠʝ [0,1,0,0,0,0] 0b=  ʢ (6.22).  

ɽʩʣʠ 1n=, ʤʳ ʤʦʞʝʤ ʪʦʣʴʢʦ ʦʧʨʝʜʝʣʠʪʴ ʜʚʘ ʥʝʠʟʚʝʩʪʥʳʭ ʚʥʫʪ-

ʨʝʥʥʠʭ ʧʘʨʘʤʝʪʨʘ ʢʘʤʝʨʳ, ʪ.ʝ. a ʠ b, ʜʦʧʫʩʢʘʷ, ʯʪʦ 0u  ʠ 0v  ʠʟʚʝʩʪʥʳ 

(ʤʘʪʨʠʮʘ ʮʝʥʪʨʠʨʦʚʘʥʘ) ʠ g=0. 

ʈʝʰʝʥʠʝ (6.26) ʭʦʨʦʰʦ ʠʟʚʝʩʪʥʦ ʚ ʢʫʨʩʝ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ 

ʢʘʢ ʟʘʜʘʯʘ ʥʘʭʦʞʜʝʥʠʷ ʩʦʙʩʪʚʝʥʥʦʛʦ ʚʝʢʪʦʨʘ.  

ʂʘʢ ʪʦʣʴʢʦ ʤʳ ʧʦʣʫʯʠʤ ʦʮʝʥʢʫ ʚʝʢʪʦʨʘ b, ʤʦʞʥʦ ʙʫʜʝʪ ʦʧʨʝʜʝ-

ʣʠʪʴ ʚʩʝ ʚʥʫʪʨʝʥʥʠʝ ʧʘʨʘʤʝʪʨʳ ʤʘʪʨʠʮʳ A .  
2

0 12 13 11 23 11 22 12( ) / ( )v B B B B B B B= - -  

2

33 13 0 12 13 11 23 11( ) /B B v B B B B Bl è ø= - + -ê ú  

11/ Ba l=                       (6.23) 

2

11 11 22 12/ ( )B B B Bb l= -  

2

12 /Bg a b l=-  

2

0 0 13/ /u v Bg b a l= -  

ʂʘʢ ʪʦʣʴʢʦ A  ʠʟʚʝʩʪʥʦ, ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʚʥʝʰʥʠʝ ʧʘʨʘʤʝʪʨʳ 

ʜʣʷ ʢʘʞʜʦʛʦ ʠʟʦʙʨʘʞʝʥʠʷ. ʀʟ (6.14) ʠʤʝʝʤ 
1

1 1r A hl -=  
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1

2 2r A hl -=           (6.24) 

1

3 3r A hl -=  

1

1 3t A hl -=   , 

ʛʜʝ 
1 1

1 2

1 1

A h A h
l

- -
= =  . 

ʂʦʥʝʯʥʦ, ʠʟ-ʟʘ ʰʫʤʦʚ ʤʘʪʨʠʮʘ ʧʘʨʘʤʝʪʨʦʚ ʩʠʣʴʥʦ ʠʩʢʘʞʝʥʘ. 

ʆʮʝʥʢʘ ʤʝʪʦʜʦʤ ʤʘʢʩʠʤʘʣʴʥʦʛʦ ʧʨʘʚʜʦʧʦʜʦʙʠʷ. ɽʩʣʠ ʤʳ ʠʤʝʝʤ n  ï 

ʤʦʜʝʣʴʥʳʭ ʢʘʨʪʠʥ ʠ m  ï ʪʦʯʝʢ ʚ ʢʘʞʜʦʡ ʢʘʨʪʠʥʝ. ɼʦʧʫʩʪʠʤ, ʯʪʦ ʚ 

ʢʘʞʜʦʡ ʪʦʯʢʝ ʰʫʤ ʩʣʫʯʘʝʥ. ʊʦʛʜʘ ʤʳ ʤʦʞʝʤ ʥʘʡʪʠ ʤʠʥʠʤʫʤ ʩʣʝʜʫʶ-

ʱʝʛʦ ʬʫʥʢʮʠʦʥʘʣʘ: 
2

1 1

( , , , )
n m

ij i i j

i j

m m A R t M
= =

-ää ,      (6.25) 

ʛʜʝ ( , , , )i i jm A R t M  ʧʨʦʝʢʮʠʷ ʪʦʯʢʠ jM  ʚ ʢʘʨʪʠʥʝ i   ʩʦʛʣʘʩʥʦ ʚʳ-

ʨʘʞʝʥʠʶ  (7.17): 

s m HMÖ =  ,         (6.26) 

ʛʜʝ [ , ]Tm u v= , [ , ]TM X Y= . 

ʋʯʝʪ ʨʘʜʠʘʣʴʥʳʭ ʠʩʢʘʞʝʥʠʡ. ʆʙʲʝʢʪʠʚʳ ʜʘʶʪ ʠʩʢʘʞʝʥʠʷ (ʨʠʩ. 6.4). 

ʀʩʢʘʞʝʥʠʷ ʤʦʛʫʪ ʙʳʪʴ ʦʧʠʩʘʥʳ ʜʚʫʤʷ ʯʣʝʥʘʤʠ ʨʘʜʠʘʣʴʥʦʡ ʜʠʩʪʦʨʩʠʠ. 

ʄʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʠ ʙʦʣʝʝ ʩʣʦʞʥʳʝ ʤʦʜʝʣʠ ʠʩʢʘʞʝʥʠʡ, ʥʦ ʧʨʠʥʮʠ-

ʧʠʘʣʴʥʳʭ ʫʣʫʯʰʝʥʠʡ ʦʥʠ ʥʝ ʜʘʶʪ. ʅʘʧʨʠʤʝʨ, ʢʨʦʤʝ ʨʘʜʠʘʣʴʥʦʛʦ ʠʩ-

ʢʘʞʝʥʠʷ ʩʫʱʝʩʪʚʫʝʪ ʝʱʸ ʪʘʥʛʝʥʮʠʘʣʴʥʦʝ. ʆʥʦ ʚʦʟʥʠʢʘʝʪ ʠʟ-ʟʘ ʪʦʛʦ, 

ʯʪʦ ʧʣʦʩʢʦʩʪʴ ʤʘʪʨʠʮʳ ʥʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʛʣʘʚʥʦʡ ʦʧʪʠʯʝʩʢʦʡ ʦʩʠ. 

ʆʜʥʘʢʦ ʦʥʦ ʦʯʝʥʴ ʤʘʣʦ ʠ ʝʛʦ ʤʳ ʥʝ ʫʯʠʪʳʚʘʝʤ. 

ʈʘʜʠʘʣʴʥʳʝ ʠʩʢʘʞʝʥʠʷ ʫʯʠʪʳʚʘʶʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 
2 2 2 2 2

0 1 2( )[ ( ) ( ) ]correctedu u u u k x y k x y= + - + + + ,  (6.27) 

2 2 2 2 2

0 1 2( )[ ( ) ( ) ]correctedv v v v k x y k x y= + - + + + ,   (6.28) 
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ʛʜʝ 1k  ʠ 2k  ï ʢʦʵʬʬʠʮʠʝʥʪʳ ʨʘʜʠʘʣʴʥʦʛʦ ʠʩʢʘʞʝʥʠʷ. ʇʨʠ ʥʝʙʦʣʴʰʠʭ 

ʨʘʜʠʘʣʴʥʳʭ ʜʠʩʪʦʨʩʠʷʭ ʧʨʠ ʚʳʯʠʩʣʝʥʠʠ ʦʩʪʘʣʴʥʳʭ ʧʘʨʘʤʝʪʨʦʚ ʚʥʫʪ-

ʨʝʥʥʝʡ ʤʘʪʨʠʮʳ ʢʘʤʝʨʳ ʜʠʩʪʦʨʩʠʷ ʥʝ ʫʯʠʪʳʚʘʝʪʩʷ. ʇʦʵʪʦʤʫ ʤʦʞʥʦ 

ʦʮʝʥʠʪʴ ʧʘʨʘʤʝʪʨʳ 1k  ʠ 2k  ʧʦʩʣʝ ʥʘʭʦʞʜʝʥʠʷ ʧʘʨʘʤʝʪʨʦʚ ʚʥʫʪʨʝʥʥʝʡ 

ʤʘʪʨʠʮʳ, ʧʦ ʢʦʪʦʨʳʤ ʤʦʞʥʦ ʥʘʡʪʠ ʠʜʝʘʣʴʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ( , )u v  

 

 
ʈʠʩ. 6.4. ʈʘʜʠʘʣʴʥʘʷ ʜʠʩʪʦʨʩʠʷ 

 

ɿʘʪʝʤ ʠʟ (6.27) ʠ (6.28) ʠʤʝʝʤ ʜʚʘ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ʢʘʞʜʦʡ ʪʦʯʢʠ ʚ 

ʢʘʞʜʦʡ ʤʦʜʝʣʴʥʦʡ ʢʘʨʪʠʥʝ: 
2 2 2 2 2

10 1 0 1

2 2 2 2 2
20 1 0 1

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

corrected

corrected

u uku u x y u u x y

v vkv v x y v v x y

-è ø- + - + è øè ø
=é ù é ùé ù

-- + - + ê úê úê ú
 

(6.29) 

ɺʟʷʚ m  ʪʦʯʝʢ ʚ n  ʠʟʦʙʨʘʞʝʥʠʷʭ, ʤʳ ʧʦʣʫʯʠʤ 2mn ʫʨʘʚʥʝʥʠʡ ʠʣʠ ʚ 

ʤʘʪʨʠʯʥʦʡ ʬʦʨʤʝ  

Dk d=  , ʛʜʝ  1 2[ , ]Tk k k=  .       (6.30) 

ʈʝʘhʝʤ ʤʝʪʦʜʦʤ ʥʘʠʤʝʥʴʰʠʭ ʢʚʘʜʨʘʪʦʚ 
1( , )T Tk D D D d-=   .        (6.31) 

ʆʮʝʥʠʚ 1k  ʠ 2k  ʤʦʞʥʦ ʫʪʦʯʥʠʪʴ ʦʮʝʥʢʫ ʜʨʫʛʠʭ ʧʘʨʘʤʝʪʨʦʚ (6.25) ʩ 

( , , , )i i jm A R t M  ʧʨʠʤʝʥʷʷ (6.27) ʠ (6.28). ʄʦʞʥʦ ʯʝʨʝʜʦʚʘʪʴ ʵʪʠ ʜʚʝ 
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ʧʨʦʮʝʜʫʨʳ ʜʦ ʧʦʣʥʦʡ ʩʭʦʜʠʤʦʩʪʠ. ʕʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦ ʦʙʥʘʨʫʞʠʪʴ 

ʩʭʦʜʠʤʦʩʪʴ ʩʣʦʞʥʦ. ɽʩʪʝʩʪʚʝʥʥʦ ʨʘʩʰʠʨʠʪʴ (6.25) ʜʣʷ ʦʮʝʥʢʠ ʥʘʙʦʨʘ 

ʧʘʨʘʤʝʪʨʦʤ ʤʠʥʠʤʠʟʠʨʫʷ ʩʣʝʜʫʶʱʠʡ ʬʫʥʢʮʠʦʥʘʣ: 
2

1 2

1 1

( , , , , , )
n m

ij i i j

i j

m m A k k R t M
= =

-ää      (6.32) 

ʛʜʝ 1 2( , , , , , )i i jm A k k R t M  ʧʨʦʝʢʮʠʷ ʪʦʯʢʠ Mj ʚ ʢʘʨʪʠʥʝ i , ʩʦʛʣʘʩ-

ʥʦ ʚʳʨʘʞʝʥʠʶ s m HMÖ = ʧʦʩʣʝ ʦʧʨʝʜʝʣʝʥʠʷ ʜʠʩʪʦʨʩʠʠ ʩʦʛʣʘʩʥʦ 

(6.27) ʠ (6.28). 

 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʮʝʩʩ ʢʘʣʠʙʨʦʚʢʠ ʙʦʣʝʝ ʧʦʜʨʦʙʥʦ. 

 

ʇʨʦʮʝʜʫʨʘ ʢʘʣʠʙʨʦʚʢʘ ʢʘʤʝʨʳ. ɼʣʷ ʢʘʣʠʙʨʦʚʢʠ ʢʘʤʝʨʳ ʥʝʦʙʭʦʜʠʤʦ 

ʧʨʦʠʟʚʝʩʪʠ ʩʣʝʜʫʶʱʠʝ ʰʘʛʠ: 

1. ʅʘʧʝʯʘʪʘʪʴ ʤʦʜʝʣʴʥʫʶ ʢʘʨʪʠʥʫ ʠ ʨʘʟʤʝʩʪʠʪʴ ʝʝ ʚ ʧʣʦʩʢʦʩʪʠ 
ʠʟʦʙʨʘʞʝʥʠʷ. 

2. ɺʟʷʪʴ ʥʝʩʢʦʣʴʢʦ ʠʟʦʙʨʘʞʝʥʠʡ ʚ ʧʣʦʩʢʦʩʪʠ ʤʦʜʝʣʠ ʩ ʨʘʟʥʳʤʠ 
ʫʛʣʦʚʳʤʠ ʦʨʠʝʥʪʘʮʠʷʤʠ ʩʜʚʠʛʘʷ ʢʘʨʪʠʥʫ. 

3. ʅʘʡʪʠ ʦʩʦʙʝʥʥʳʝ ʪʦʯʢʠ ʥʘ ʤʦʜʝʣʴʥʦʡ ʢʘʨʪʠʥʝ. 

4. ʅʘʡʪʠ ʦʮʝʥʢʫ 5 ʚʥʫʪʨʝʥʥʠʭ ʧʘʨʘʤʝʪʨʦʚ ʠ ʚʩʝʭ ʚʥʝʰʥʠʭ ʧʘʨʘ-

ʤʝʪʨʦʚ. 

5. ʆʮʝʥʠʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʨʘʜʠʘʣʴʥʦʡ ʜʠʩʪʦʨʩʠʠ.  

6. ʋʣʫʯʰʠʪʴ ʧʘʨʘʤʝʪʨʳ ʤʠʥʠʤʠʟʠʨʫʷ ʬʫʥʢʮʠʦʥʘʣ (6.32). 

 

ʏʪʦʙʳ ʧʦʣʫʯʠʪʴ ʧʘʨʘʤʝʪʨʳ ʢʘʤʝʨʳ ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʣʦʩʢʘʷ ʧʦʚʝʨʭ-

ʥʦʩʪʴ ʚ ʚʠʜʝ ʰʘʭʤʘʪʥʦʡ ʜʦʩʢʠ. ʇʨʦʮʝʩʩ ʢʘʣʠʙʨʦʚʢʠ ʧʦʢʘʟʘʥ ʚ [3]. 

ʐʘʭʤʘʪʥʘʷ ʜʦʩʢʘ ʧʦʟʠʮʠʦʥʠʨʦʚʘʣʘʩʴ ʚ ʨʘʟʣʠʯʥʳʭ ʧʦʟʠʮʠʷʭ ʠ 

ʬʠʢʩʠʨʦʚʘʣʘʩʴ ʩʝʨʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʩ ʧʦʤʦʱʴʶ ʢʘʤʝʨʳ (ʨʠʩ. 6.5). ɽʩʣʠ 

ʧʦʟʠʮʠʠ ʤʝʥʷʶʪʩʷ ʧʘʨʘʣʣʝʣʴʥʦ, ʪʦ ʵʪʦ ʥʝ ʜʘʝʪ ʥʠʢʘʢʦʡ ʜʦʙʘʚʦʯʥʦʡ 

ʠʥʬʦʨʤʘʮʠʠ. 

ʇʦʟʠʮʠʷ ʤʦʜʝʣʴʥʳʭ ʢʘʨʪʠʥ ʜʦʣʞʥʘ ʤʝʥʷʪʴʩʷ ʧʦʚʦʨʦʪʦʤ ʚʦʢʨʫʛ Z-

ʦʩʠ.  
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1 2

cos( ) sin( ) 0

sin( ) cos( ) 0

0 0 1

R R

q q

q q

å õ
æ ö
- =æ ö
æ ö
ç ÷

     (6.33) 

ʛʜʝ q - ʫʛʦʣ ʦʪʥʦʩʠʪʝʣʴʥʦʛʦ ʧʦʚʦʨʦʪʘ. 

 
ʈʠʩ. 6.5.  ʉʝʨʠʷ ʠʟʦʙʨʘʞʝʥʠʡ ʰʘʭʤʘʪʥʦʡ ʜʦʩʢʠ. 

 

ɹʫʜʝʤ ʠʩʧʦʣʴʟʦʚʘʪʴ ʠʥʜʝʢʩʳ 
(1)

 ʠ 
(2)

 ʜʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʦʙʦʟʥʘʯʠʪʴ 

ʚʝʢʪʦʨʘ, ʩʚʷʟʘʥʥʳʝ ʩ 1 ʠ 2 ʠʟʦʙʨʘʞʝʥʠʝʤ. ʋʯʠʪʳʚʘʷ (6.15) 

( 1 2 3 1 2[ , , ] [ , , ]h h h A r r tl= Ö ) ʠʤʝʝʤ: 

1

(2)
(2) (2) (1) (2) (1) (1)

1 2(1)
( cos sin ) ( cos sin )h A r A r h h

l
l q q q q

l
= Ö + Ö = +   

(2)
(2) (2) (1) (2) (1) (1)

2 1 2(1)
( cos sin ) ( sin cos )h A r A r h h

l
l q q q q

l
= - Ö + Ö = - +

(6.34) 

ʀʩʧʦʣʴʟʫʷ (6.16) (
1

1 2 0T Th A A h- - = ) ʜʣʷ 2-ʛʦ ʠʟʦʙʨʘʞʝʥʠʷ ʧʦʣʫ-

ʯʠʤ 

1 1 1

(2)
(2) 1 (2) 2 2 (1) 1 (1)

2(1)
( ) [(cos sin )(( ) cos )T T T Th A A h h A A h

l
q q q

l

- - - -= - + -

1

(1) 1 (1) 1 (1)

1 2cos sin (( ) cos ) )]T T Th A A h A A hq q q - - - -- +   (6.35) 

ʇʦ ʩʝʨʠʠ ʠʟʦʙʨʘʞʝʥʠʡ ʦʧʨʝʜʝʣʷʝʪʩʷ ʤʘʪʨʠʮʘ ʚʥʝʰʥʠʭ ʧʘʨʘʤʝʪʨʦʚ.  
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6.2. ʂɸʃʀɹʈʆɺʂɸ ʇʈʆɽʂʊʆʈɸ 

ʇʨʦʝʢʪʦʨ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʫʩʪʨʦʡʩʪʚʦ, ʦʙʨʘʪʥʦʝ ʢʘʤʝʨʝ, 

ʧʦʪʦʤʫ ʯʪʦ ʦʥ ʧʨʦʝʮʠʨʫʝʪ ʠʟʦʙʨʘʞʝʥʠʷ.  

ɼʣʷ ʢʘʣʠʙʨʦʚʢʠ ʤʘʪʨʠʮʳ ʧʨʦʝʢʪʦʨʘ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʪʝʭʥʦʣʦ-

ʛʠʶ ʬʘʟʦʚʳʭ ʠʟʤʝʨʝʥʠʡ (ʨʠʩ. 6.6). 

1. ʌʠʢʩʠʨʫʝʤ ʪʨʠ ʢʘʨʪʠʥʳ ʩ ʛʦʨʠʟʦʥʪʘʣʴʥʳʤʠ ʧʦʣʦʩʘʤʠ. 

2. ʌʠʢʩʠʨʫʝʤ ʮʝʥʪʨʘʣʴʥʫʶ ʛʦʨʠʟʦʥʪʘʣʴʥʫʶ ʣʠʥʠʶ.  

3. ʌʠʢʩʠʨʫʝʤ ʪʨʠ ʯ/ʙ ʢʘʨʪʠʥʳ ʩ ʚʝʨʪʠʢʘʣʴʥʳʤʠ ʧʦʣʦʩʘʤʠ . 

4. ʌʠʢʩʠʨʫʝʤ ʮʝʥʪʨʘʣʴʥʫʶ ʚʝʨʪʠʢʘʣʴʥʫʶ ʣʠʥʠʶ  

 

 
ʈʠʩ. 6.6.  ʅʘʭʦʞʜʝʥʠʝ ʧʦʪʦʯʝʯʥʦʛʦ ʩʦʦʪʚʝʪʩʪʚʠʷ ʤʝʞʜʫ ʧʨʦʝʢʪʦʨʦʤ ʠ ʢʘʤʝ-

ʨʦʡ. 

(a) ï (ʩ) ï ʛʦʨʠʟʦʥʪʘʣʴʥʳʝ ʧʦʣʦʩʳ (I1, I2, I3). 

(d) ï ʛʦʨʠʟʦʥʪʘʣʴʥʘʷ ʣʠʥʠʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʮʝʥʪʨʫ ʤʘʪʨʠʮʳ ʢʘʤʝʨʳ. 

(e) ï ʛʦʨʠʟʦʥʪʘʣʴʥʘʷ ʧʦʣʦʩʘ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʮʝʥʪʨʫ ʤʘʪʨʠʮʳ ʧʨʦʝʢʪʦʨʘ. 

(f) ï (j) ï ʪʦʞʝ ʜʣʷ ʚʝʨʪʠʢʘʣʴʥʳʭ ʧʦʣʦʩ. 

 

ʄʦʞʥʦ ʧʨʦʚʝʨʠʪʴ ʪʦʯʥʦʩʪʴ ʠʟʦʙʨʘʞʝʥʠʷ ʧʨʦʝʢʪʦʨʘ, ʧʨʦʝʮʠʨʫʷ 

ʝʛʦ ʥʘ ʨʝʘʣʴʥʫʶ ʰʘʭʤʘʪʥʫʶ ʜʦʩʢʫ, ʯʪʦʙʳ ʧʨʦʚʝʨʠʪʴ ʩʦʦʪʚʝʪʩʪʚʠʝ. ʇʦ-

ʩʢʦʣʴʢʫ ʤʳ ʟʥʘʝʤ ʩʦʦʪʚʝʪʩʪʚʠʝ ʢʘʞʜʦʡ ʪʦʯʢʠ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʢʘʨʪʠʥʫ 

ʰʘʭʤʘʪʥʦʡ ʜʦʩʢʠ, ʢʦʪʦʨʘʷ ʜʦʣʞʥʘ ʙʳʪʴ ʜʣʷ ʧʨʘʚʠʣʴʥʦʛʦ ʧʦʣʫʯʝʥʠʷ 

ʰʘʭʤʘʪʥʦʡ ʜʦʩʢʠ ʥʘ ʤʘʪʨʠʮʝ ʢʘʤʝʨʳ. 

5. ɺʚʦʜʠʤ ʠʟʦʙʨʘʞʝʥʠʝ ʰʘʭʤʘʪʥʦʡ ʜʦʩʢʠ. 
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6. ʆʧʨʝʜʝʣʷʝʤ ʩʦʦʪʚʝʪʩʪʚʠʝ ʢʘʞʜʦʛʦ ʧʠʢʩʝʣʷ ʤʝʞʜʫ ʧʨʦʝʢʪʦʨʦʤ 
ʠ ʢʘʤʝʨʦʡ.  

 

ɽʩʣʠ ʚʳʨʘʚʥʠʚʘʥʠʝ ʭʦʨʦʰʝʝ, ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʠʟʦʙʨʘʞʝʥʠʷ ʥʘ 

ʧʨʦʝʢʪʦʨʝ ʩʦʟʜʘʥʦ ʪʦʯʥʦ. 

ʇʦʩʣʝ ʛʝʥʝʨʘʮʠʠ ʠʟʦʙʨʘʞʝʥʠʷ ʥʘ ʧʨʦʝʢʪʦʨʝ ʦʧʨʝʜʝʣʷʶʪʩʷ ʚʥʫʪ-

ʨʝʥʥʠʝ ʧʘʨʘʤʝʪʨʳ ʧʨʦʝʢʪʦʨʘ. 

6.3. ʂɸʃʀɹʈʆɺʂɸ ɺʉɽʁ ʉʀʉʊɽʄʓ 

ʇʦʩʣʝ ʢʘʣʠʙʨʦʚʢʠ ʚʥʫʪʨʝʥʥʠʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ ʢʘʤʝʨʳ 

ʠ ʧʨʦʝʢʪʦʨʘ, ʥʝʦʙʭʦʜʠʤʦ ʦʪʢʘʣʠʙʨʦʚʘʪʴ ʚʩʶ ʩʠʩʪʝʤʫ. ɼʣʷ ʵʪʦʡ ʮʝʣʠ 

ʥʝʦʙʭʦʜʠʤʦ ʫʩʪʘʥʦʚʠʪʴ ʝʜʠʥʫʶ ʩʠʩʪʝʤʫ ʢʦʦʨʜʠʥʘʪ. ʇʫʩʪʴ xy ʦʩʠ 

ʥʘʭʦʜʷʪʩʷ ʚ ʧʣʦʩʢʦʩʪʠ ʦʙʲʝʢʪʘ, ʘ z ï ʦʩʴ ʥʘʧʨʘʚʣʝʥʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ 

ʢ ʵʪʦʡ ʧʣʦʩʢʦʩʪʠ ʚ ʩʪʦʨʦʥʫ ʧʨʦʝʢʪʦʨʘ ʠ ʢʘʤʝʨʳ (ʧʨʘʚʘʷ ʩʠʩʪʝʤʘ ʢʦʦʨ-

ʜʠʥʘʪ). ɺʳʙʝʨʝʤ ʵʪʫ ʩʠʩʪʝʤʫ ʚ ʢʘʯʝʩʪʚʝ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ. 

ʅʘ ʨʠʩ. 6.7 ʧʦʢʘʟʘʥʘ ʧʣʦʩʢʦʩʪʴ, ʚ ʢʦʪʦʨʦʡ ʨʘʟʤʝʱʝʥʘ ʰʘʭʤʘʪʥʘʷ 

ʜʦʩʢʘ ʠ ʝʝ ʦʪʦʙʨʘʞʝʥʠʝ ʚ ʧʣʦʩʢʦʩʪʠ ʢʘʤʝʨʳ ʠ ʧʨʦʝʢʪʦʨʘ. 

ɺʳʨʘʞʝʥʠʷ, ʦʧʠʩʳʚʘʶʱʠʝ ʦʪʥʦʰʝʥʠʷ ʢʦʦʨʜʠʥʘʪ ʢʘʤʝʨʳ, ʧʨʦʝʢ-

ʪʦʨʘ ʠ ʦʙʲʝʢʪʘ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʢʘʢ 
c c wX M X=   ,        (6.36ʘ) 
p p wX M X=   ,         (6.36ʙ) 

ʛʜʝ [ ]c c cM R t=  -  ʤʘʪʨʠʮʘ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʤʝʞʜʫ ʩʠʩʪʝʤʦʡ ʢʦʦʨ-

ʜʠʥʘʪ ʢʘʤʝʨʳ ʠ ʤʠʨʦʚʳʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ, [ ]p p pM R t=  ʤʝʞʜʫ ʩʠ-

ʩʪʝʤʦʡ ʢʦʦʨʜʠʥʘʪ ʧʨʦʝʢʪʦʨʘ, { , , }c c c c TX x y z= , 

{ , , }p p p p TX x y z= ʠ { , , ,1}w w w w TX x y z=  ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ 

p (ʨʠʩ.) ʢʘʤʝʨʳ, ʧʨʦʝʢʪʦʨʘ ʠ ʤʠʨʦʚʦʡ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ.  

ʊʦʯʢʠ 
cX  ʠ 

pX  ʤʦʛʫʪ ʙʳʪʴ ʧʨʝʦʙʨʘʟʦʚʘʥʳ ʚ ʢʦʦʨʜʠʥʘʪʳ ʧʣʦʩ-

ʢʦʩʪʝʡ ʢʘʤʝʨʳ ʠ ʧʨʦʝʢʪʦʨʘ ( , )c cu v  ʠ ( , )p pu v  ʩ ʧʦʤʦʱʴʶ ʤʘʪʨʠʮ 

ʚʥʫʪʨʝʥʥʠʭ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʧʘʨʘʤʝʪʨʦʚ ʢʘʤʝʨʳ ʠ ʧʨʦʝʢʪʦʨʘ ʩʦʦʪʚʝʪ-

ʩʪʚʝʥʥʦ. ʕʪʠ ʤʘʪʨʠʮʳ 
cA  ʠ 

pA  ʥʘʭʦʜʷʪʩʷ ʚ ʧʨʦʮʝʩʩʝ ʢʘʣʠʙʨʦʚʢʠ. 
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ʈʠʩ. 6.7. ʇʦʩʪʨʦʝʥʠʝ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ 

 

ʕʪʠ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʠʤʝʶʪ ʚʠʜ 

{ , ,1}c c c T c cs u v A X=    ,   (6.37ʘ) 

{ , ,1}p p p T p ps u v A X=  .     (6.37ʙ) 

ɺʥʝʰʥʠʝ  ʢʦʦʨʜʠʥʘʪʳ ʦʙʲʝʢʪʘ ʤʦʛʫʪ ʙʳʪʴ ʧʦʣʫʯʝʥʳ ʥʘ ʦʩʥʦʚʘʥʠʠ 

ʦʪʢʘʣʠʙʨʦʚʘʥʥʳʭ ʧʘʨʘʤʝʪʨʦʚ ʢʘʤʝʨʳ ʠ ʧʨʦʝʢʪʦʨʘ.  

ɼʣʷ ʢʘʞʜʦʡ ʪʦʯʢʠ ( , )c cu v  ʥʘ ʤʘʪʨʠʮʝ ʢʘʤʝʨʳ ʘʙʩʦʣʶʪʥʘʷ ʬʘʟʘ 

ʤʦʞʝʪ ʙʳʪʴ ʦʧʨʝʜʝʣʝʥʘ ʧʦ ʩʦʦʪʚʝʪʩʪʚʠʶ ʥʘ ʣʠʥʠʠ ʤʘʪʨʠʮʳ ʧʨʦʝʢʪʦʨʘ 

ʩ ʪʝʤ ʞʝ ʟʥʘʯʝʥʠʝʤ ʘʙʩʦʣʶʪʥʦʡ ʬʘʟʳ. ʃʠʥʠʷ ï ʵʪʦ ʚʝʨʪʠʢʘʣʴʥʘʷ ʣʠʥʠʷ 

ʩ   ( ( , ))p c cu u vV f= .  
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ʈʠʩ .6.8. ʉʭʝʤʘ ʢʦʦʨʜʠʥʘʪ ʩʠʩʪʝʤʘ ʜʣʷ ʩʪʨʫʢʪʫʨʠʨʦʚʘʥʥʦʛʦ ʦʩʚʝʱʝʥʠʷ. 

 

ʇʫʩʪʴ ʤʠʨʦʚʳʝ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ ( , , )w w wx y z , ʪʦʛʜʘ ʤʳ ʤʦ-

ʞʝʤ ʧʦʣʫʯʠʪʴ ʢʦʦʨʜʠʥʘʪʳ ʥʘ ʤʘʪʨʠʮʝ ʢʘʤʝʨʳ  

{ , ,1} { , , }c c c T c w w w Ts u v P x y z=  ,        (6.38) 

ʛʜʝ 
cP  ʤʘʪʨʠʮʘ ʢʘʣʠʙʨʦʚʢʠ ʜʣʷ ʢʘʤʝʨʳ 
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 .   (6.39) 

ɼʣʷ ʧʨʦʝʢʪʦʨʘ 

{ , ,1} { , , }p p p T p w w w Ts u v P x y z=  ,        (6.40) 
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p p p p p p p p p

p p p p
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 .   (6.41) 


