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Abstract—This paper proposes a method of expanding the
range and improving the accuracy of interferometric
measurements using three wavelengths. The method is based on
the methods of modular mathematics for phase unwrapping.
Unlike the known methods of unwrapping the phase accuracy of
the proposed method is almost independent of the value of the
dynamic range.
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I. INTRODUCTION

Single-frequency optical measurement techniques are
widely used in various fields of modern science and
technology [1]. Consider the possibility of interference
methods to measure distances. These methods are well
established for the measurement of profiles of the same
scale. However, when the magnitude of the measured
distances have a different scale, existing single-frequency
interference measurement methods fundamentally do not
reveal the differences of heights greater than the wavelength
of the laser radiation [2], which significantly limits the range
of applications simple smooth surfaces or surfaces having
steps at a small size. In addition, such measuring systems
have a relatively small dynamic range of measured distances.
Therefore, to measure the geometrical parameters of micro-
and nano-objects used methods of digital holographic
microscopy and digital interferometry [3], and to measure
geometrical parameters of macro-objects are used methods
of structured illumination [4]. Note that the structure of
modern optical measuring systems is mainly determined by
the method of analyzing the optical information [5].
Therefore, the article primarily discusses new approach to
the analysis of optical measurement data, which can address
this limitation by expanding the dynamic range of optical
measuring systems. The proposed approach is based on the
methods of modular arithmetic and allows you to build a new
class of high-precision optical measuring systems with
extended measuring range. Note that the methods proposed
for the phase measurement can be used in other frequency
bands, for example, acoustic, microwave ranges, etc. Thus,
considered in the paper issues are not limited to optical
measurement techniques, and are relevant and promising for
a wide range of technical applications.

II. ANALYSIS OF THE PROBLEM

Consider the equation for the interference of two wave
fronts - subject (reflected from the surface) and reference
(reflected from the reference surface, for example. the
mirrors of the interferometer)

I=A[1+Vcos(27-AL/2) |= A[1+V cos(p) |, (1)

where [ is the intensity, A is amplitude, V is contrast, 4
is wavelength and AL is optical path difference and phase
interference fringes respectively.

The expression (1) can be rewritten as

AL=(p/27+k)A. 2)

Rate limit value AL which can be measured by a single-
frequency method

AL, =k A. 3)

max

The maximum number of interference fringes, which can be
distinguished on the interferogram is determined first, digital
recording device, and secondly, the noise level of the
brightness field of the interferogram. Most modern digital
camera format for input interferogram 4K has a resolution of
4096x2160 pixels. For confident distinguish between
interference fringes, it is necessary that one lane had at least
four points. Then the characteristic number of interference
fringes which can be registered on the interferogram will
bek,, <500. When using a semiconductor laser, for

example, with a wavelength of 750 nm, getAL <4 . See

on the other hand the number of generated as a result of
measurement of the interference fringes depends on the
spatial coherence length of the laser depends on the spectral
width of the laser illumination AA

L =A*/AA. 4)
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For stable semiconductor laser has a characteristic
spectral width value in a few hundredths of a nanometer.
Based on these assumptions, the estimate of the coherence
length is the size from a few centimeters to several meters.
Hence we can conclude that the dynamic range of a modern
single-frequency interference systems for one, two orders of
magnitude below the required. Another disadvantage of
single-frequency interference systems is the inability correct
measurement of the stepped surface profiles, when the height
difference is greater than the wavelength. To obtain correct
measurement results is necessary to satisfy the ratio
AL < A. This result is also a consequence of the small

dynamic range of single-frequency interference measurement
methods. This disadvantage can be eliminated if you use
multi-wavelength methods of deployment phase [6]. For
example, while the surface is illuminated by two lasers with
different wavelengths A4, and A, obtained equivalent

wavelength

Ay =AM |4 = 4. (5)

Choosing the appropriate wavelengths it is possible to
increase the dynamic range. Let wavelengths accept the
values of 4 =633nm and A, =452 nm, which corresponds

to the wavelengths of red and green lasers. Then, in
accordance with formulas (4) and (5) we get

AL, =633-452/|633-452|=1580.75nm. The gain in

increasing the dynamic range in comparison with the
maximum emission wavelength is only 2.5 times. In
addition, in the practical measurement by this method is
difficult to get a reasonably accurate definition because with
increasing wavelength is the amplification of the
measurement error is proportional to the value of the gain in
the increased range. Measurement error JL will be
proportional to the quantization error &1 of the digital
reception intensity /

SL=AL_ -SI, (6)

where 01 =2"" is the quantization error of a digital input
device, n is the number of bits of this device. For example,
when the 8-bit input device the error is 0.39% and the
maximum error of measurement in accordance with the
formula (6) can reach values of a few nanometers, for a two-
wavelength method, the error will amount to several tens of
nanometers, respectively. In work [6] to reduce the error of
the proposed three-wavelength method, in which the
equivalent wavelength is formed by the differences between
the original wave calculated by the formula (5)

113723 = ﬂl%ﬂzz/uﬂ _/122| . (7)

The author [3] was able to reduce the measurement error to a
level comparable with the accuracy of single-frequency
method, however, the dynamic range turned out to be the
same as in the two-wavelength method. Obtained in this
section the evaluation of existing methods show that the
developments of new methods for extending the dynamic
range of the measurements are very important.

III. PROPOSED APPROACH

For the analysis of interference patterns is widely used
definition of the phase difference ¢ values of the recorded

intensities I, of the method of phase shifts. When different
phase shifts &, of the intensity of the reflected light from the
object can be represented in the form

1, = A(14V cos(p+3,) (8)

In papers [7-9] generalized the algorithm of decoding,
which at known values to determine the value of the phase
distribution. In paper [10] the production method of solutions
of the system of equations (8) with unknown values J,. The

value will change from O to 2m. As a result we have the
results of indirect measurements of parameters of the object
depending on the price of the strip m, which is a parameter
determined by the scheme of the interferometer

i

b(x.y) = —‘”(;;[y ) m, . ©)

If you change the value of the price band and repeat the
measurement (1), we obtain a series of values (by,b, , ..., by).
Each value of b varies in the range from 0 to m;-1. The
absolute value of L is the solution of the system of
congruences

L =b,mod(m,)
. (10)
L=b, mod(m,)

The maximum unambiguous range determination of absolute
values is defined by the greatest coprime factors in the values
of the periods. Thus, the task of extending the measurement
range is reduced to the problem of solving the system of
congruencies. However, the solution such system is unstable.
Even a small error in the measurement of the initial values of
b; leads to significant errors in determining the full value of
the measured value.
Theorem
Though

M N, =1 (mod m,) (11)
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mod mm,...m,_ will be the only solution. Let the number

of M, and N, determined from the conditions Fig.1 A decision table with modules m; = 11, m, = 13, m3 =17

_ 373 3a73 )13

= Mo (14) X =M N +(M;N; + MN; )b, (16a)
Note that M, N; + M;N; = M;N; , so

The coefficients M, can be found from the equality (14),
Ni from the equality (12) by going through 1, 2, 3, and so on s
until the first of satisfying values, or by using a generalized X =M Nb +M;N,b, (16b)
Euclidean algorithm [2]. Time to find these factors are not
important because this step is performed only once and and then
usually we work with the same set of modules. Consider the
case for three coprime modules. Let for example: m, =11,

m, =13, m, =17. In this case: M, = 221, M, =187,
M; =143, N,= 1, N; =8 N»=8, N;=5.

X =221b,+22116} (mod 2431) . (16¢)

Note that in this case we will also work in the system of
residual classes modulo mm,m, =2431. The values of

mm,...m,_=M N,b +M,N,b, + M,N.b, mod(m1 m, n13) (15a) mym,. .. m, ranged from O to 11, l)23 varies from 0 to 220.
The initial part of the decision tables (16b) is shown in
Figure 2.

X =22-1b, +187-8b,1b, +143-5b, (mod 111317)  (15b)
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The decision table will look as follows (see Figure 1). AR A e O A R e e
5
b
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However, this table can be rolled into a three-dimensional 1] _ 2301480 70[ 880110 110 80 |G 66 [200 |10 220|200 106|141 11 40 [0 460 30
torus.
To do this, imagine solutions for X in the two-dimensional
table, in which the x-coordinate is set aside values of turns.
Imagine the number in the modular representation for two

Fig.2. The initial part of the decision tables (15). (bz3 vary from 0 to 220).

modules m,,m, = M m .
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In this table the first line specifies the number of turns, which Thus, the solution for three modules can be written as
will be determined as

n(i)=N;b, mod(m, m,). (17) X ={N2[ (52 -by) mod(mm,) | mod (mm,)}-mm,+5 .(212)
wherei=b; .
The solution of the expression (17) for the two- 2 )
dimensional case X{(sz)mod(QOg)} mym, +b;, (21b)

X =M;| N; (b} —b,) mod d b, (18
2| M (63 =8) mod(m, m,) | mod(m, m)+5 (182 i=b b, if b —b 20 i=b —bmm, otherwise,

> X ={N2[ (63 -b,) mod(mym,) ] mod (mym,)}-mm, +b,.(22a)

X={N2[ (5 —4) rodd(m, m) | mod(m,m,)|mm+4. (180) Where

X{(N3i)mod “mym, +b;. 22b
Now you need to determine the dependence b, from b, {( Zz)mo (%%)} ST (22b)

and b, . After analyzing the decision table in Fig. 1 and Fig.-2 b b ifb—b >0 izb —b therwi
=b,— —b,20 i=b,—b,+ .
it can be seen that for the same solutions, these values will be PE5 T 070 P= 570, T, Otierwise
distributed as shown in the second and third line of the table
in Fig. 3. The coefficients N; and N, are calculated as follows

B oo | |2 [3 [« |5 |s |7 [s [3 |10 |11 [12 [13 |14 |15 |16
2
mN; =1 mod(m,m,). (23a)
0| |0 |52 [104|156 (202|329 |91 |142|195|26 |78 (120|182 (12 |85 [117|169
1 170(1 |53 105 (157|209 (40 (92 |144(196 |27 |79 (13118314 |66 |118
2 | |1a|171|2 |54 [10R|18R |70 |41 |83 |145]187 |78 A0 137 [124|15 |&7 ”
3| |68 |120[172|3 |55 |107(159|211|42 |34 |146198(29 |31 [133|185|18 m,N;* =1 mod(m,) . (23b)
4 7|69 1A (173(4 |56 (108 (160|212 (43 |95 |147(193 |30 |82 (134186
| |187(18 |70 (122 (174|5 |57 (109 (161213 |44 (96 |148(200(31 |82 (135 Note that in the decision table (Fig. 2) the values consistently
B | |13[188 (1Y [N 1B [1/8(6 |58 |1I0|16Z |14 |40 |9/ 149|032 |84 increase along the main diagonals. Therefore, when there are
7| |85 |137]189|20 |72 |124|176|7 |59 |111]163|215)46 |38 |150)202|33 errors in the measurements of initial values (b, ,b, b;) it is
8 | |34 86 [138150(21 |73 [125(177|8 |60 |112[164 216 (47 |33 [151|203 . -
0 > always possible to limit the range (number of turns) to
] 20435 |87 [139(191(22 |74 |126|178|9 |61 |113|165|217|48 |100|152 .yt . .
- highlight the rude surroundings of failures. Erroneous results
10| |[152|205(36 |88 [140(182(23 |76 |127(179|10 (62 |114[165|212|49 |101 Cp . .
. —t - —- —— - —— that fall within the neighborhood of gross failures that can be
LN e o M ol R A AR ] djusted to the nearest diagonals. Resolving these errors can
12| |51 108|155 207 |38 |90 142|194 25 |77 |12 (12 |64 |16 168|220 ad) £0Nals. &

lead to a significant increase in accuracy. Thus, the use of
modular arithmetic allows not only to increase the
measurement range and to decrease the error.
A similar calculation scheme can also be generalized for the
multidimensional case for an arbitrary number of
wavelengths.

Fig. 3.Definition 1123 on b, (0to12)and b, (0to 16).

In this case

b} = MPNZb, + MPMPb, mod(m, m)).  (19)
IV. CONCLUSION

Here M123 =17, Mz23 =13, N123 =10, Nz23 =4 . When expanding a dynamic range based on modular
arithmetic at the same wavelengths AL =44, is

34.086um, which is 21 times more range for two-wavelength
b; :M123{[N123 (b3 —bz) mod(m2 )J} mod(mz)—i-b1 (20a) method and 53 times more than single-frequency method,
respectively. It should be noted that in our case, with the
increase of the range error increases (not comparable with
the accuracy of single-frequency method. If the same error
ranges two-wavelength method by the Eq. (6) was already
131nm or 21%. Therefore the proposed method allows more
than 50 times improving the accuracy of measurements in

or

b} ={NZ[(b,~b,) mod(m,)] mod(m,)}-m,+b, .(20b)
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comparison with wavelength method. In the proposed
method, the theoretical limit of the dynamic range is
expressed asAL <A -...-4,-A,. For example, when

using three semiconductor lasers emits radiation with
wavelengths of 405nm, 650nm and 780nm, respectively, the
dynamic range will be equal to 0.25m already, and the
measurement accuracy does not depend on the value of the
dynamic range.
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