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Abstract – this paper proposes a method of reconstruction of dig-
ital holograms with small angles between the interfering wave fields. 
The proposed approach is based on a combination of methods of 
digital holography and step-by-step method of phase shifts and al-
lows to obtain not only the amplitude but also the phase information 
of the measured object. 
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I. ВВЕДЕНИЕ 

olograms formed by the interference of the object beam 
reflected from the studied object and the reference wave. 

From the classical interference patterns, they differ in that the 
object beam is reflected from objects with a diffuse surface. In 
this case, the distance from the object to the detection plane with 
the object wave takes place a transformation, which under certain 
approximations can be described by the Fresnel transform or the 
Fourier. 

In the original optical scheme of Gabor [1], which simulated 
the results of the interference of electron beams, reference and 
object wave are located along the axis normal to the photograph-
ic plate. When you restore this leads to a superposition of 0 and 
±1 diffraction orders. To allocate from the holograms of the 
source distribution of the object wave was not possible. Zero 
bundle is an interruption in the restored signal, the ±1 diffraction 
orders of the imaginary and will form a real image of the object.  

The wide spread of holography was obtained when using off-
axis recording scheme, proposed by E. Leith and J. Upatnieks 
[2]. In off-axis scheme reference and object beams interfere un-
der a certain angle . The greater the angle, the greater the separa-
tion of the 0 and ±1 diffraction orders, and the higher quality of 
the image of the object can be obtained. In holography common-
ly used angles of about 30 degrees. The use of large angles be-
tween the interfering beams is a major shortcoming, which pre-
vented the wide introduction of holographic systems. This is due 
to high resolution requirements of materials for recording holo-
grams. 

Consider the interference of plane waves. The distance be-
tween the peaks of the interference fringe can be found from the 
expression 

( )2sin / 2
x λ

θ
Δ =  .         (1) 

In this case, when 30oθ =  and 0,6 мкмλ =  - 
1x мкмΔ ≈ .  

By theorem Wittecarra-Kotelnikov-Shannon (WKS) requires 
at least two points on the period of the strip, i.e. the resolution of 
the material must provide not less than 0.5 µm, or 2000 lines per 
mm for the registrations of the carrier frequency. 

Methods of digital holography based on the register-tion of 
holograms on a matrix of photodetectors, and further interpreta-
tion by computer systems. R. Laurence and D. Goodman first 
proposed the digital method of restoration in 1967 [3]. A great 
contribution to the area of application of digital holography in-
troduced by L. Yaroslavsky and N. Merzlyakov. In his book [4] 
they give a detailed theoretically, the determination-ical basis 
conversion, representation of optical wave fields, and describe 
algorithms based on the discrete Fourier transform. Their ideas 
were developed by L. Oorala and P. Scott, and moved to the 
measurement area of the particle in 1987 [5]. 

Digital image sensors used in digital holo-graphy, are unable 
at the moment to provide such a high spatial resolution. There-
fore, when the digital holographic reconstruction is necessary to 
reduce the angle between the interfering wave fields.  

For small angles, expression (1) takes the form x λ
θ

Δ ≈ . 

From this expression we can determine the maximum angle be-
tween the interfering waves, which is not-mere frequency may be 
allowed (taking into account the theorem of the WKS). This is 

possible at an angle equal to max 2 x
λθ =
Δ

 . 

For example, when the pixel size xΔ  is 5 microns, the max-
imum angle of the interference can be  0

max 3.4θ ≈  at a length of 
λ  is equal to 0.6 µm. The use of small corners inevitably leads 
to overlap of the spectra in different diffraction orders, which 
leads to a distortion of the phase information needed to create a 
high-precision measuring systems. 
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The aim of this work is to investigate methods of improving 
the accuracy of reconstructing the phase profile of the wave front 
based on the methods step-by-step phase shift at small angles 
between the interfering beams. 

II. THE ANALYSIS OF DIGITAL HOLOGRAMS STEP-BY-
STEP METHOD PHASE SHIFT  

Methods step-by-step phase shift (phase shifting interfer-
ometry - PSI) was widely used for receiving and decoding the 
classical interference patterns. This is due to the simplicity of the 
job the individual values of phase shift, simple enough algo-
rithms and the high precision decoding. Step-by-step method 
phase shift based on the detection of multiple interference pat-
terns while changing the phase of the reference wave at the 
known value. The phase shift between the interfering beams can 
be realized in different ways. The most simple phase shift to de-
fine the movement of the mirror mounted on the piezoelectric 
ceramics. 

Depending on the number of phase shifts there are different 
decryption algorithms. In [7-9] we obtained a generalized 
scheme of the algorithm for various numbers of shifts. If we can 
register m of the interference patterns with phase shifts iδ  (i = 

0,1,2, ... , m-1), where  m –  the number of phase shifts, 0 0δ = : 
2 2( , ) ( , ) ( , )i p rI x y A x y A x y= + +  

( )2 ( , ) ( , )cos ( , ) ( , )p r p r iA x y A x y x y x yϕ ϕ δ+ − + .     (2) 

This expression can be represented in the form 
( , ) ( , ) ( , )cos( ( , ) )i iI x y A x y B x y x yφ δ= + +  ,.     (3) 

The phase difference ( , ) ( , ) ( , )p rx y x y x yφ ϕ ϕ= −  between 

the reference and object beams may be determined as 

arctan I C
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φ
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where 0 1(cos , ,cos )TmC δ δ −=
r

K , 0 1(sin , ,sin )TmS δ δ −=
r

K , 

and I ⊥
r

 - orthogonal vector, such that ( ) 0I I ⊥⋅ =
r r

.  

The orthogonal vector can be found using the matrix equa-
tion 

I M I⊥ = ⋅
r r

.          (5) 
When multiple dimensions (m) matrix M  will have a look 
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Knowing the phase difference and the phase of the refer-
ence wave ( , )r x yϕ  to determine the initial phase distribution 

( , )p x yϕ . 

Unlike classic interferometry, where the main objective of 

decoding is to obtain the phase difference between the interfering 

beams, we also need to determine the phase and amplitude of the 

original wave. Most simply it can be done, if the reference beam 

to use a flat wave with constant amplitude. And value B can be 

defined as 

 

( , ) 2 ( , ) ( , )p rB x y A x y A x y=
  

( ) ( )2 21B I S I C
S C

⊥ ⊥
⊥

= ⋅ + ⋅
⋅

r rr r
r r ,     (7) 

If you know the amplitude of the reference field to 
( , )rA x y , knowing ( , )B x y  can be identified and ( , )pA x y . 

Thus it is possible to determine the amplitude ( , )pA x y  and 

phase ( , )p x yϕ  of the initial wave front in the plane of the holo-
gram. 

To restore the original wave front it is possible to use a Fresnel 
transform or a Fourier transform, with which you can restore an 
exact copy of the original wave reflected from the object. 

III. THE PROPOSED METHOD 

Most of the information about the object enclosed in phase. 
Consider how the reconstruction of phase objects with small an-
gles of shear. 

Плоскость ( , )η ξ  - the plane of formation of the holo-
gram. For conversion into the plane of the hologram depending 
on the distance d you need to make a Fresnel transform or Fouri-
er. For the formation of a hologram, you need to add the refer-
ence wave front. 

max max2( , ) exp (sin sin )r r x y
x y

X YU i j a i i j
N N

π θ θ
λ

⎛ ⎞
= ⋅ + ⋅⎜ ⎟⎜ ⎟⎝ ⎠

 ,  (8) 

where max max 10 10X Y мм мм× = × , the angles of inclination of 

the normal to the recording plane: 0.9xθ = o, 0.9yθ = o. The 
amplitude of the sum of the two wave fronts is proportional to 
the intensity and can be considered as a hologram. 

The plane ( , )x y′ ′  is the observation plane. To obtain an 
image of the object produced by a Fresnel transform or a Fourier 
transform on the hologram depending on the distance . d ′  In the 
image plane, we can determine both the amplitude and phase of 
the original object. Unfortunately, the phase information at the 
small angles of the reference beam is strongly distorted. Methods 
based on filtering [6], give good results in the recovery of the 
amplitude, but the phase information does not improve.  

We propose a new method based on step-by-step phase 
shift. 

Take also the distribution of complex amplitudes. In the 
plane of formation of the hologram we will add support up front 
with known phase shift. 

max max2( , ) exp (sin sin )i r x y i
x y

X YU i j a i i j
N N

π θ θ δ
λ

⎛ ⎞⎡ ⎤
= ⋅ + ⋅ +⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠

,  (9) 

where iδ  (i = 0,1,2, ... , m-1) – known phase shifts, m – the 
number of phase shifts. Let 4m = .  

Then we can form the hologram 4. According to the algo-
rithm described in the previous paragraph, we shape the phase 
and amplitude of a complex wave field of the object. In the im-
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age plane will receive a distribution of the recovered phases. The 
phase distribution has a slope caused by tilting of the beam dur-
ing formation of holograms, since the phase difference is equal 
to ( , ) ( , ) ( , )p rx y x y x yφ ϕ ϕ= − . The slope will be absent at 

the zero angle. Since ( , ) 0r x yϕ = , the phase difference is equal 

to ( , ) ( , )px y x yφ ϕ= . 
To remove the influence of slope in two ways. Subtract the 

known values for the phase distribution of the reference field in 
the image plane of the hologram or multiply artificially generat-
ed wave front in the plane of the hologram to the appropriate 
reference wave. In this case, distortion of the wave front are 
eliminated. 

IV. CONCLUSION 

We propose a new method of decoding holograms of phase 
objects through a step-wise phase shift. Unlike existing methods 
described in the literature [10], is used to decode not only re-
stored by the method of PSI phase but also the amplitude. The 
algorithm of determination of the amplitude distribution of the 
reference wave.  

This method works well with a small angle between the inter-
fering waves and the Central reference beam (Gabor hologram) 
that allows the use of digital image sensors with small spatial 
resolution at registration of holograms.  

The work is executed at financial support of Russian Founda-
tion for basic research "Development of methods of super resolu-
tion in digital holographic interferometry" (Grant No. 16-08-
00565). 
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