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INTRODUCTION

Recently, algorithms for recording and decoding phase-shifting interferograms (phase-shifting interferom-
etry) have found increasing use in designing interference systems [1–4]. This is due to the ease of setting
the phase shift, simple algorithms, and high-precision decoding, with existing interferometer designs being
easily adaptable.

The incremental phase shifting method is based on recording several interferograms with a change in the
phase of the reference wave by known values. The accuracy of phase measurement depends on the setting of
the value of the applied phase shifts, but in practice, its exact value is difficult to determine due to errors of
phase-shifting devices [5]. Therefore, calibration operations are required before each series of measurements.

The objective of this work is to improve the accuracy of interpretation of interferograms.

METHOD AND ITS PRACTICAL IMPLEMENTATION

The essence of the proposed method is to determine the real value of the applied phase shifts by analyzing
the trajectory of the hodograph of interference signals (hereinafter, the trajectory of interference signals) at
two arbitrary points (A and B) in the interferograms.

The intensity of interferograms s with a phase shift δi an be represented as

Ii(x, y) = I0(x, y)[1 + V (x, y) cos(φ(x, y) + δi)], (1)

where i = 0, 2, . . . ,m− 1 (m is the number of phase shifts) and δ0 = 0.
The main purpose of decoding is to determine the phase difference between the interfering wave fronts

φ(x, y) using the recorded intensities Ii(x, y).
It can be assumed that the phase shifts at neighboring points are identical. From the physical conditions

of experiments, this assumption is valid in most cases. Then, considering solutions at several, rather than
one, points (xk, yk), we obtain the additional equation

Ii, k(xk, yk) = I0, k(xk, yk)[1 + Vk(xk, yk) cos(φ(xk, yk) + δi)],

or

Ii, k = I0, k[1 + Vk cos(φk + δi)]. (2)

In general, the number of points is k = 1, . . . , n, the number of unknowns is n3+m− 1, and the number
of equations is n(m− 1). The problem is solved if the number of equations is greater than, or equal to, the
number of unknowns, i.e.,

nm ≥ 3n+ (m− 1). (3)
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An analytical solution is found in recording five interferograms with phase shifts δ0 = 0, δ1, δ2, δ3, δ4. As
a result, we have 10 transcendental equations with 10 unknowns (I0, 1, I0, 2, V1, V2, φ1, φ2, δ1, δ2, δ3, δ4).

In this paper, we consider a numerical method for determining phase shifts from the values of interference
patterns at two points:

Ii, 1 = I0, 1[1 + V1 cos(φk + δi)]; Ii, 2 = I0, 2[1 + V2 cos(φk + δi)], (4)

where i = 0, 2, . . . ,m− 1 (m ≥ 5).
We will seek a solution in the complex plane with the axes I1 and I2 of the intensities of the first and

second points corresponding to different phase shifts. As the shift angles are varied from 0 to 2π, the point
on the complex plane describes a certain trajectory (Fig. 1). The trajectory of interference signals in the
space of intensities is a central curve of the second order — an ellipse.

To determine the characteristics of the trajectory, it is necessary to find the coefficients of the equation
of the approximating curve [6]

a11x
2 + a22y

2 + 2a12xy + 2a13x+ 2a23y + a33 = 0, (5)

where x = d1 cos(φ1); y = d2 cos(φ2) (d1 = I0, 1V1 and d2 = I0, 1V2 are the main axes of the ellipse).
In view of the redundancy of the initial data, it is reasonable to calculate the coefficients of expression (5)

using the least squares method:
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−1

e, (6)

where e is a unit vector with dimension equal to the number of coefficients of the equation.
The trajectories of the interference signals in the space of intensities are presented in Fig. 2; the points

show the trajectory obtained by applying phase shifts, and the solid curve is the result of its approximation
by a second-order polynomial (5).
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The mean intensity levels of the interference signals correspond to the coordinates of the center of the
ellipse and are found as follows:

x0 = I01 = −
∣∣∣∣∣
a13 a12

a14 a22

∣∣∣∣∣

/∣∣∣∣∣
a11 a12

a12 a22

∣∣∣∣∣ ; y0 = I02 = −
∣∣∣∣∣
a11 a13

a12 a14

∣∣∣∣∣

/∣∣∣∣∣
a11 a12

a12 a22

∣∣∣∣∣ (7)

The phase shift angles can be determined directly if the trajectory is made circular. To do this, we apply
the following operations to the initial data vectors:

1) bring the center of the ellipse to the coordinate origin:

x1 = x− x0, y1 = y − y0; (8)

2) rotate the ellipse so that it is parallel to one of the coordinate axes:
[

x2

y2

]
=

[
cosΩ sinΩ

− sinΩ cosΩ

][
x1

y1

]
; (9)

the angle of rotation is given by the formula

tan Ω =
2a12

a11 − a22
; (10)
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3) stretch the ellipse to a circle; the stretch coefficient γ is found from the canonical equation of the ellipse
expressed in terms of its invariants

λ0x
2 + λ1y

2 + I3/I2 = 0, (11)

where λ0 and λ1 are roots of the characteristic equation

∣∣∣∣∣
a11 − λ a12

a21 a22 − λ

∣∣∣∣∣ = 0.

From Eq. (11), it is seen that the ratio of the roots of the characteristic equation is equal to the ratio of
the diameters of the ellipse:

γ =
√
λ0/λ1. (12)

The stretching of the ellipse along the coordinate y is performed by the formula y2 = y2/γ.
Figures 3 shows the initial (points) and corrected (rhombi) trajectories of the interference signals. The

phase angles are defined by the coordinates of the circular trajectory δi = arctan (y2i/x2i).
An interference pattern with 256 intensity levels at two selected points and the trajectory constructed

using 32 phase shifts are shown in Fig. 4. The phase shifts are arbitrary. Combined plots of the set and
obtained phase shifts (32 shifts) are shown in Fig. 5. The standard deviation was 0.00412 rad, due to the
discreteness of the intensity. The discreteness determines the error with which the phase angles of the shift
can be obtained.

An interference pattern with a 10-percent error of intensity setting and the trajectory constructed using
32 phase shifts are shown in Fig. 6. Figure 7 shows plots of the real (curve 1) and obtained (curve 2) phase
shifts with a 10-percent error of the intensity. In this case, the standard deviation of the obtained shifts
from the set values was 0.0665 rad.

Thus, to improve the accuracy of finding shifts and, hence, the resulting phase differences, it is necessary
to reduce the error in determining the field strength of the interferograms intensity shift.
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CONCLUSIONS

An efficient algorithm for decoding phase-shifting interference patterns was developed. In contrast to
existing methods of phase measurements in interferometry, the proposed algorithm does not require a priori
knowledge of the applied phase shifts and can therefore be used for random or uncontrollable shifts. The
achieved accuracy of phase measurements is comparable to the measurement results obtained by atomic force
microscopy and high-resolution electron microscopy [7]. For example, at a 5 percent error of measurement
of the interferograms intensity field strength, the standard deviation of the measured phase does not exceed
0.01 rad, which corresponds to a resolution of 0.01 nm using a He–Ne laser with a wavelength of 633 nm.

This work was supported by the Russian Foundation for Basic Research (Grant No. 09-07-00133-a).
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