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Abstract—The phase step method is widely used to analyze
interferograms and extract the phase distribution from them. Its
limitation is the large number of interferograms required for this
purpose. The minimum number is three interferograms. This
paper describes a general analysis algorithm that requires only
two interferograms, the phase shifts between which may not be
orthogonal. The idea of the paper is to obtain an additional
interferogram by transforming a two-dimensional elliptical cross
section that is formed by the two interferograms into a three-
dimensional cross section with respect to the base of some spatial
cylinder. After determining the parameters of the ellipse, a
projection vector parallel to the center axis of the cylinder is
found. Then the two-dimensional section is projected onto a
three-dimensional plane perpendicular to the center axis of the
cylinder. Each of the projections of this plane onto the coordinate
planes forms one of the interferograms. After obtaining three
interferograms, phase demodulation was performed using a
three-point algorithm. The RMS error of the phase calculation
was 0.015 radians.

Keywords—phase step, interferometry, elliptical trajectory,
demodulation phase, measurement

I. INTRODUCTION

Optical interferometry is a fundamental technology in
scientific research and engineering problems related to
measuring not only the surface profile of transparent [1] or
diffuse objects [2], but also their other parameters associated
with changes in the phase distribution of the resulting
interference patterns, such as index distribution of refractive
index [3], displacement [4] and deformation [5], metrological
measurements [6] diagnostics and data visualization in
biomedicine [7] and many others. Phase Shift Interferometry
(PSI) has been widely used because of its high sensitivity and
repeatability of measurements. However, its limitation is the
large number of interferograms required. The minimum
number is three interferograms. In the paper we propose an
approach allowing to use the PSI method with only two
interferograms. This allows to reduce the time of registration
of interferograms and, consequently, the time of
measurements.

II. THEORY

Optical interferometry is based on the comparison of two or
more wave fronts in the visible light range (380-780 nm). One
of the wave fronts is reflected by or passes through the test
object, this wavefront is called the object wavefront, and the
other wavefront reflected from the reference arm of the
interferometer is called the reference wavefront. A change in
the optical path difference (OPD) between the objective and
reference wavefronts results in an interference pattern [8]. The
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intensity of the interference pattern (interferogram) can be
represented

I(x,y) = a(x, y) +b(x, y) cos(d(x, y)) + & . (D
here a(x,y) - background intencity, b(x,y) - amplitude,

@¢(x,y) - phase of the recorded interference pattern.

Then the intensities of two non-orthogonal interferograms
form an elliptic curve on the plane (x, y)

2 2
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Let us represent this trajectory as a two-dimensional (flat)
oblique section of some circular cylinder in three-
dimensional space.

The idea of obtaining an additional interferogram is to
transform this cross section into a three-dimensional cross
section parallel to the base of the spatial cylinder. In this case,
the base of the cylinder may not be parallel to the coordinate
plane (see Fig. 1).

For this purpose, each point of the trajectory from the
inclined plane is projected along the guide of the circular

cylinder L =M - P onto the plane @ , which is parallel to its
base (Fig. 2). The elliptical trajectory is transformed into a
circular trajectory, the phase shifts for which are known and
are: 8] =-2z/3 , &) =0 and &3 =27/3 respectively.
These values of phase shifts provide the maximum distance
between phase shift angles in the range from 0 to 2z. This
provides maximum robustness of the decoding algorithm to
interference signal noise compared to other possible sets of
phase shifts.
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Fig. 1. Projection of the plane corresponding to the elliptical section onto
the cylinder base plane.

The required transformation is performed as follows. At
the first step, we determine the parameters of the ellipse and
use them to find the guide of the cylinder, on the base of which
the ellipse will be projected.

Let a — be the major semi-major axis of the ellipse, b — the
minor semi-major axis of the ellipse. The semi-axis lengths of
the ellipse can be determined from the equation of the
principal invariant of the second-order curve [9] as follows:
first, the roots of the characteristic equation A are calculated
from Eq.

=0, 4)

The roots of this equation are the eigenvalues A1 and A2 of
the real symmetric matrix

a4 ap
D 2{ } 5

a, dy

Then the lengths of the major and minor semi-axes of the
ellipse at A1> A2 can be defined as:

a=+(-1/23)-(4/ D), (6)
b=.J(=1/X)-(4/ D), (7)

where 4 and D are the second-order invariants of the curve
calculated by the formulas [9]:

an G Ay
A=la, ay ay. ®)

i3 Gy A3

The guide vector of the cylinder L in which the ellipse is
inscribed can be represented as follows:

cos(Q)
L =|sin(Q) |. )
bl/a

where Q is the angle between the positive direction of the X-
axis and the principal axis of the second-order curve,
calculated by the formula [9]

24, (10)

Q= 1 arctg
2 ay —dy

Each point of the intensity trajectory is projected along
the cylinder guide onto a plane that is parallel to the base of
the cylinder. The transformation is performed as follows. Let
P - be the radius-vector of the ellipse point on the original
trajectory. Then the radius-vector of the point G
corresponding to it on the circular trajectory is calculated as:

G=P-(LxP)xL . (11)

The next step of the algorithm is to rotate the circular
trajectory so that the direction of the normal of the plane in
which the circular trajectory is located coincides with the
direction of the unit vector E . To perform this operation, it is
necessary to find the matrix U of rotation of the normal of
the plane to vector 3. Such a matrix can be found as follows.

Let 7 be a vector that coincides with vector P in rotation.

First, the angle B between vectors T and P is calculated by
the formula

T-P
[ =arccos——— - (12)
1A
We then calculate the vector product of these vectors:
R=TxP. (13)
Normalize the vector R
R=X (14)
2
and form the cosymmetric matrix QO :
0 -R. R,
O=| R, 0 -R.|. (15)
-Ry, Ry 0

Then the rotation matrix is found by Rodrigue's formula
[10]

U=E+sin(B)-0+(1-cos(8)-0%,  (16)

where E is a unit matrix of dimension 3 x 3.
As a result of these operations, we obtain a set of three
interferograms with known phase shifts & =-27z/3 ,

6> =0 and &3 =27/3, accordingly.
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III. SIMULATION REZULTS

The proposed algorithm was investigated by computer
modeling method. The topogram of the test reflecting surface
with the size of 512x512 samples was calculated by the
formula

4 4 L
Z(x,y)= Z Z akxly] a7
i=0/j=0

where a - coefficients of the polynomial, k € [0,15] .

On the Fig.2 shows the topogram of the reflecting surface
calculated by formula (17).

Fig. 2. Topogram of the test reflecting surface.

Phase ¢ of interference fringes calculated by the formula

¢ =mody (47”2] (18)

Fig. 3 shows the synthesized interference patterns with
different phase shifts. The interference patterns contain
saddle and elliptic features found in real interference patterns.
Next, vectors composed from the interference patterns 7, and

1, (see Fig. 3) were formed.

G20 %

Fig. 3. Interference patterns forming an elliptical trajectory (from left to

right) /; with phase shifts 6, =0 and I, & 2%

, accordingly.

Then, using formulas (1) - (10), the ellipse parameters
were calculated: the ratio of diameters of the principal axes
and the direction of the principal axis. From them, the
projection vector was determined by expression (8).

Projection of vectors onto the base plane was performed by
formula (11).

As a result, the transformed interference patterns were
obtained, for which the phase shifts amounted to
61 =—2r/3,57=0and §3 =2 /3, top to bottom, accordingly

(Fig. 4).

2

Fig. 4.Interference patterns with phase shifts , corresponding to the circular
trajectory after interference pattern transformation (Fig. 3).

Demodulation phase of the obtained interference patterns was
performed using the three-point formula [11]

~3(1, -1,
tan(¢) = 1\/;(1 —21)'

(19)

Note that by changing the position of the projection plane
it is possible to obtain additional interferograms with other
phase shifts. This allows us to use the decoding formulas with
the number of points greater than three. The decoding error

was estimated by calculating the root mean square error
(RMSE)

(20)

where p - calculated, and y - test values, accordingly.
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The RMS error of the phase calculation was 0.015 radians,
which, for example, at the study laser wavelength of 633 nm
corresponds to the error of measuring the topogram heights
of the measured object not more than 8 nm.

IV. CONCLASION

A method for finding an additional interferogram from two
non-orthogonal interferograms is proposed. The method
provides transformation of the elliptical trajectory formed by
these interferograms to a circular form with known phase
shifts. The transformation is performed by finding the plane
on which the elliptic trajectory formed by the interference
patterns with unknown phase shifts is projected as a circle.
The algorithm is based on finding the circular section of a
cylinder in which an elliptical trajectory is inscribed. The
algorithm requires estimation of the principal direction and the
ratio of principal and minor axes of the elliptic trajectory.
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